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PKEFACE.

IN writing tlie present treatise on the INTEGEAL CALCULUS,

the object has been to produce a work at once elementary and

complete adapted for the use of "beginners, and sufficient for

the wants of advanced students. In the selection of the pro-

positions, and in the mode of establishing them, I have en-

deavoured to exhibit fully and clearly the principles of the

subject, and to illustrate all their most important results.

The process of summation has been repeatedly brought for-

ward, with the view of securing the attention of the student

to the notions which form the true foundation of the Integral
- Calculus itself, as well as of its most valuable applications.

Considerable space has been devoted to the investigations of

the lengths and areas of curves and of the volumes of solids,

and an attempt has been made to explain those difficulties

which usually perplex beginners especially with reference to

the limits of integrations.

The transformation of multiple integrals is one of the most

interesting parts of the Integral Calculus, and the experience

of teachers shews that the usual modes of treating it are not

free from obscurity. I have therefore adopted a method dif-

ferent from those of previous elementary writers, and have
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endeavoured to render it easily intelligible by full detail, and

by the solution of several problems.

The Calculus of Variations seems to claim a place in the

present treatise with the same propriety as the ordinary theory

of maxima and minima values is included in the Differential

Calculus, Accordingly the last chapter of the treatise is

devoted to this subject; and it is hoped that the theory

and illustrations there given will be found, with respect to

simplicity and comprehensiveness, adapted to the wants of

students.

In order that the student may find in the volume all that

he requires, a large collection of examples for exercise has

been appended to the several chapters. These examples

have been selected from the College and University Exami-

nation Papers, and have been carefully verified, so that it is

believed that few errors will be found among them.

I. TODHUNTER.

Si? JOHN'S COLLEGE,

January 1862.
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INTEGEAL CALCULUS.

CHAPTEE I.

MEANING OP INTEGRATION. EXAMPLES.

1. IN the Differential Calculus we have a system of

rules by means of which we deduce from any given function

;

a second function called the differential coefficient of the

1' former
;
in the Integral Calculus we have to return from the

I
differential coefficient to the function from which it was

!

. deduced. We do not say that this is the object of the Inte-

gral Calculus, for the fundamental problem
of the subject is

to effect the summation of a certain infinite series of inde-

finitely small terms
;
but for the solution of this problem we

must generally know the function of which a given function is

. the differential coefficient. This we now proceed to shew.

2. Let <

(x) denote any function of x which remains finite

;- ivfid continuous for all values of x comprised between two

! fixed values a and 5. Let x
lt
x
s , #_! oe a series of values

r lying between a and b, so that a, xlJ 8 ,
... scn_^^

l> are in order
l 'of magnitude ascending or descending. We propose then to>/i

I find the limit of the series
~"~

-

l

-a) <j> (a) + fa -a?,) $ fa)' + fa-ajj <j> fa) +

when xi a, o!
2

OJ
1}

... 1 x^ are all diminished without

limit, and consequently n increased without limit.

Put x
i
a=\ ,

#
a

x
l
~ h

z ,
. . . I xn^ =-hn \

thus the series

may be written

T.I.C. 1



* MEANING OF INTEGRATION.
|

and may be denoted "by ^h<j) (x), for it is the sum of a number I

of terms of which h$ (x) may be taken as the type. Since
j,

each of the terms of which h is the type may be considered
|

as the difference between two values successively ascribed to I

the variable #, we may also use the symbol ^> (x) Ao: as the I,

type of the terms to be summed, and X< (x) Ace for the sum. *

|

We may shew at once that 2$ (x) Aas can never exceed a
j

certain finite quantity. For let A denote the numerically jj

greatest value which
<jb (x) can have when x lies between a and

jj

I

Z
; then S< (x) Ace is numerically less than (ht + Ji

2 + . . .+ hn) A, 1 1

that is less than (& a) A. |-
"We now proceed to determine the limit of %$> (x) A*. Let ^

-v|r (x] be such a function of so that <
(cc)

is the differential

coefficient of it with respect to a. Then we know that the

limit of
j

~ when U is indefinitely diminished is

(jj (x). Hence we may put

where p,, p2 , ...p,, ultimately vanish. From these equations
we have by addition

Now S^p is less than (5 a) p where p denotes the greatest
of the quantities p^ p2 ,. ... pn ;

hence 2Ap ultimately vanishes,
and we obtain this result, the limit of^cf) (x) A when each

of the quantities of which Ace is the type diminishes indefinitely
is ty'(b) -v^(a).

3. The notation used to express the preceding result is

the synVbol /' is an abbreviation of the word "
sum," and dx

represents the Aa; of X< (x) Ae,
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4. Suppose that A
l5 li

z , ... 7tn are all equal; then each of

them is equal to , and xr is equal to a 4- (5 a).

Hence I <
(a?)

dx is equivalent to the following direction,

"
divide 5 a into % equal parts, each part being h

;
in < (x)

substitute for x successively a, a -f k, a + 2A, ... a + (n 1} k ;

add these values together, multiply the sum by Ji and then
diminish h without limit" If these operations are performed
we shall have as the result ty (b) ty (

a
} ) where ty (x) is the

function of which $ (x) is the differential coefficient with

respect to x.

The student then must carefully observe that for the

foundation of the Integral Calculus we have a certain theorem
and a corresponding notation. The theorem is the following :

let ty (a?) be any function of x, and
<j> (x} its differential co-

efficient with respect to x\ let n be a positive integer and
nh = b a, and suppose (f) (x) finite and continuous for all

values of x between a and 5; then the limit when n is inde-

finitely increased of

is i|r(6)-TJ!r (a).
/&

The notation is that this limit is denoted by I
(f) (x) dx}

J a
/&

so that I <p(x}dx = ^f (&) ^ (a).
J n

As a particular case we may suppose a to be zero ;
then

nh It, and the limit when n is indefinitely increased of

k (0) +< (A) + < (2k) + ... -

/&

is denoted by < (#) dx, and is equal to
i|r (5) ^ (0).

Jo

5. A single term such as $ (x) Aa; is frequently called an

element. It may be observed that the limit of 2< (x) Aa; will

not be altered in value if we omit a finite number of its

elements, or add a finite number of similar elements ;
for ^

1.-2 /
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in the limit each element is indefinitely small, and a finite
number of indefinitely small quantities ultimately vanishes.

6. The above process is called Integration ; the quantity
/"*

| <j) (x) dx is called a definite integral, and a and 6 are called
'

a

the limits of the integral. Since the value of this definite

integral is
ijr (5) ^ (a) we must, when a function < (x) is to

be integrated between assigned limits, first ascertain the func-
tion

i/r (#) of which <
(a;)

is the differential coefficient. To
express the connexion between $ (x} and fy (#) we have

and this is also denoted by the equation

*"**-^ T 1_U ^ln such an equation as the last, where we have no limits

assigned^
we merely _

assert that ty(x] is the function from
is here

wt
w

oft
and

oftfiP
is ->'

which $ (x) can be obtained by differentiation;
called the indefinite integral of

</> (a?).

'

.

7. The problem of finding the areas of 'curves was one
of those which gave rise to the Integral Calculus, and fur-
nishes an illustration of the preceding Articles

I



1 APPLICATION OF INTEGRATION.

AB into n equal intervals and draw ordinates at the points

of division* Suppose OH= a + (r 1) h, then the area of

.the parallelogram PMNp is

The sum found by assigning to r in this expression all values

from 1 to n differs from the required area of the curve by
the sum of all the portions similar to the triangle PQp, and

as this. last sum is obviously less than the greatest of the

figures of which PMNQ is one, we can, by sufficiently

diminishing A, obtain a result differing as little as we please

from the required area. Therefore the area of the curve is

the limit of the series

and is equal to ^ (b) ^ (a).

8. If ty(.x) be the function from which <j>.(x) springs by
differentiation, we denote this by the' equation

\

and we now proceed to methods of finding ^ (x) when < (x) is

given. We have shewn, Dif. Col. Art. 102, that if two func-

tions have the same differential coefficient with respect to a

variable they can only differ by some constant quantity; hence

if ^ (x) be a function having $ (x) for its differential coeffi-

cient with respect to x, then^ (x) + 0, where is any quantity

independent of #, is the only form that can have the same

differential coefficient. Hence, hereafter, when we assert that

any function is the integral of a proposed function, we may
if we please add to such integral any constant quantity..

Integration then will for some time appear to be merely
the inverse of differentiation, and we might have so defined

it
;
we have however preferred to introduce at the beginning

the notion of summation because it occurs in many of the

most important applications of the subject.

We may observe that if fafx) and $2 (o;)
are any func-

tions of x, . .

J
{& ($ +& 0*)} dx=

J.

dx +



6 INTEGRATION BY SUBSTITUTION.

or at least the two expressions which we assert to be equal
can only differ by a constant, for if we differentiate both we
arrive at the same result, namely, ^(a?) +< 2 (

a;
) t

Also, if c be any constant quantity

r r
I

c<j> (x) dsc= G I

<jb (x} dx
J J >

or at least the two expressions can only differ by a constant.

9. Immediate integration.

"When a function is recognized.to be the differential coeffi-

cient of another function we know of course the integral of the

first. The following list gives the integrals of the different

simple functions ;

as**
1

/Yfej

,m+1 J x

I a*dx
,

I e
x
dx = e

x
,

J Iog8 a' J

I sin x dx = cos a?, I cos x dx = sin x,

dx r dos-= tan ss, I -7-r = - cot x,J
I nii-><i ~* 'cos- a;

dx . _.%
Tri ^ = sin - or = cos -

,V ( or) a a

1-L..--1 1 .,-!

a -f a? a
= - tan - or = cot -

.

10. Integration by substitution.

The process of integration is sometimes facilitated by sub-
stituting for the variable some function of a new variable.

Suppose $ (a?) the functioa to be integrated, and a and I the
limits of the integral. It is evident that we may suppose
as

to_be a function of a new variable z, provided that the
function chosen is capable of assuming all the values of x
required in the integration. Pat then x=/ (a), and let a! and
b be the values of 0, which make f(z] or x equal to a and b
respectively ; thus a =f(a'} and b =f (b'}. Now suppose that

I
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ty (x) is the function of which < (x) is the differential co-

efficient, that is suppose <ft(a?)
=

,
;
then

But by the principles of the Differential Calculus,

therefore
.+ {/(3'}}-f {/(a')J=

thus I
<j) (x) dx ~ i

<jE> (#)
~ dz.

V & J ft'
UsnS

This result we may write simply thus
,

f JL f \ J f J. f N
^

7
I d>

(ic)
ew; =| 9 (os) -j- dz,

J' J dz

>rovided we remember that when, the former integral is ta,ker

>etween certain limits a, and b, the latter must be taker,

tetween corresponding limits of and b'.

11. As an example of the preceding Article le

2r be required. Assume x = a z> then = 1

-nd 2aaj-^2=a2-^2
. Thus

f
^

__ f
^ ^

,7
f dz

J V (2aa
- ^)

=
J V (2a

-^ ^ JTK
T * ,^1 f "~ M? _ < M?= cos - = cos = vers .

a a a

ugain, let I

jr^ s\ t*e required. Assume co
~

ffls"""^ -
'--_,

*
'

-
i

a? _ ^ -
,

/" Jaj /* (1 & ,

|V I J.
~~* ^) ,/ c/ \/...(.-M CttCC

"~~
(Jff J

'

M$f ?&_CtiC&
"""

Clr J CvfV x^**^
V /

|g|
MM .

..-,.
i^ ^ ^ J.-*"



INTEGRATION BY PAETS.

ds 1

-e found the proposed integrals "by substituting

ner indicated in the preceding Article. This

n simplify a proposed integral, but no rules

. guide the student as to the best assumption
)int must "be left to observation and practice.

ion ly parts.

d(uv) dv
,

du
..ation j = u-j~ + v-j-dx ax ax

egrating both members,

f dv
.,

f ?M 7
uv = I u -7- ax+ \v -j- ax,

J ax J ax

/dv
-, f du -,

u ax = uv Iv -7- ax.
dx J ax

-a formula is called "integration by parts."

ar case suppose v = x
;
then we obtain

, f du juax= ux x -7- ax,
J ax

consider / xcosaxclx. Since

1 d sin ax
cos ax=--=-

,

a dx

proposed expression in the form

fx d sin ax ,

/J a ~5~dx

osla, supposing~"M == - and v = sin ax,a
x sin ax ^ /"gin ax ,

,
____ / ~^ ax>



Ex. (13).

EXAMPLES OF INTEGRATION.

dx

C dx __
fcosxdx _ f dz -c __I ___ i - >

I
~

'<> * II & "" S1H iX?,

Jcosx J cos a; Jlsr 1

, l + sma? , /TT oA1
log

--
:
- as log COt

f

-
.2 1 sma? 4: 2/

c. (10),

G
/* CXJC t

Similarly. I
-- = loa; tan -

.Ja
Jsina?

-r-, ,
N f <faj ,

Ex. (14). 1--J- ,
and

v '

Ja + o cos x

-
2

dx

dx
a + bcQSx

~
J f . X
a

(
sin

2 -
-f cos' - J + 1> \ cos* - sin'

uG
if # = tan - .

2

Hence, if a "be greater than 5, the integral is

2 -- . 2
r

, ^
'

ind if a be less than ^,

+ a)

4
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To find I
~ assume x-~-\-z-, thus the' integral

Ja + bsmx 2

f dz
becomes I , , which has iust been found. Or we may

Ja + bcosz
' J

proceed thus,

f
d%

__ f dx

Ja + bsinx J / . x <,x\ , ^ x
a sm2 - + cos

2 - + 2& sm - cos -
\ A A/ A A

sec
2 - dx
2

a
(
I + tan

2

f )
+ 25 tan ^

\ 2/ ^

and this can be found as before.

Ex. (15). Let
-fy (x) denote any function of x, and let

-v^"

1

(x) denote the inverse function, so that ^ [^~
a

{x)"]
= x : if

the integral of ^ (x) can be found so can the integral of

"ty'
1

(x). For consider \^~
l

(x}dx'i put ^~
l

'(x]
=

z, then

x = ty (z) ; thus '

1
1//"

1

(a;)
&e~

\z-j-dz
= zx I dz = zx I

{ *.

'

In any of these examples, since we have ixmnd the in-

definite integral, we can immediately ascertain the definite

integral between any assigned limits.' For example, since

dx

jr-^
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therefore

2"

f^ =logO + V {(2)
2 + 2

}]
-
log { + VO2 +

2

)}

9 4- A/5

15. The integral /af
1"1

(a + foe
11

)
cfoc can he found imme-

79

diately if - is a positive integer, for (a + lx
n

}
can then "be

expanded by the binomial theorem in a finite series of powers
of tc, and each term of the product of this series hy a?"'"

1
will

be immediately integrable. There are also two other cases in

which the integral can be found immediately.

For assume a + lx
n = t*

;

~ 1

ft*-a\
n dx of

therefore x = ?
, -j-

= -
7

\ b J at no

r p- r p Hv
Hence {^(a + l^ydx^ Ix^ (a + lix

n
}

- dt
j j at

~7Z/>

??l ... --1
If fre a positive integer we can expand (t

a

a)
"

iji

a finite series of powers of t, and each term of the product
of this series by if"

1
"

2
'1

will be immediately integrable.
f PC pw P

Again, lx
m~l

(a + lx
n

]
2 dx = /x*

J~1

(ax~
n

+b} <1 dx;
V /

and by the former case, if we put afl

~\-b = t
q
,

this
,

is im-

mediately integrable if

pn

JL
n

be a positive integer ;
that is, if H

- le a negative integer.
iv (7

T. I. 0. 2
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*yyj

In the first case, if were a negative integer the integral
-Tlf

might still "be found, as we shall see in the next Chapter, and

similarly,, in the second case, if h*- were &positive integer :

but as in these cases some further reductions are necessary, we
do not say that the expressions are immediately integrable.

Ex. (1).

Here = 3: assume a + os = 2
8

; the integral becomes

t1

U

2 f(f
-
affdt or 2

(t*
- 2a?+ oV) dt,

J J

which gives

thus

Ex. (2).

TT * ~ P 1 n C m
, P 1Here m = 1, n~2, ~ =

^',
theretore j--c. _i,

Assume x~
2+ 1 = t

2

;
therefore a;

2= i~r ? "71
=

7^

, , dx ~dt
Also

.

Substitute for x and 7
- their values, and this becomes dt,

dt

T i * V(which = t or
OS



Ex. (3). f
J

EXAMPLES OF INTEGRATION.

dx

Here m = l, n-2, ^ = -|, therefore - +^ = - 1
<7 J n a

a* dxAssume aVa+ 1 = ?, therefore a? =~ ~ -
^-r ^-

dx

a*t

EXAMPLES,

r
2. I log a; Jic = x (log a;

1).
*/

3.

4.

5-

This may Tbe found by putting x

7. \x tan."
1
a; tfe= +X

tan'
1x

8.
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f xdx __1,1 '

j(l~'xf 1-X 2(l-xf
xzdx I

U . /(2ax
-

x*} dx =^^ */(2ax
-

of) + sin'

i -f cos x

x + sinx ,
' x

ax= x tan - .

1 + cosa; 2

r *
16.

a?(logar)
n

(ra-1) (logo;)""
1

'

.
I_2S_LM^Z Ja; = log-c. log (log a?) log x.
J x

20.
2 a + (m + )

e
* a sin (m n)x (m n] cos (m n) x

. .

a +w _ w

f - r _
21. le

*
cos # <Lx \\&

x
(cos 3a; + 3 cos a?) cfo

*/ /

=~
(3 sin 3 cos Bx] 4- r~ (sin x - cos

a?) ,
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22. [V(
Jo

23.

a -'<&

_
24. vers

* - dx = TT.
J a

/y

.Proceed thus
;

let vers"
1 - =

6, therefore x a (1 cos 0),
Qt

f
77

and the integral becomes aO sin

Put x = - and this becomes a known form.
y

x^ 1 log so

sm

This may be obtained by patting sin"
1a;= 8.

j

31. -7~l^x
~ *an ^ "^ ^S cos ^'

'wnere sin ^ = x '

r J^ "iv
, ,, ,

cot
3^ . ,

.

'

3 ' "
' ' * = * C S

_! A/a tan art
TctlJ.

~"
To" cJ. ~f"i j \

~"~
"7"

ab~J *a + b o
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J 3

34.

QK

36. ft
J 2rc 1

x being = tan 0.

f"" /*""

37. Snew tliat I sin TOO; sin ww dx and I cos mas cos nx dx
'o ^o

*7T"

are zero if z and n are unequal integers, and = - if
/i

m and are e^waZ integers.

38. log & = x log
-

j ^ \/,) ^ x^/J

^'
I

z
(l + x^

^X ~ "~ ^ tan ^ ~^ COS ^' w^ere cot ^ == ^

40.

vers -
A1 I

a
7 1 f -1\

41. f .... w^= | vers
1
-] .

C ) \

rin- ^ j^'
f T i

-
I
s

"77;
-

yr-cos"
1

^ if c is less than 1.
J 1 + c cos iB v (1 c

)

43. f

"

e~e coB
3 dd = -& (&** + e-**).

J -in-

.. f
(i

B-l)^ . 1
44. /,, , -2- jr. Assume =+-.

J ajV(l + 3ar+ i) a;

_ r(a + Saj
tt)^ , _

-

.

45. L^I J-
. Assume a + lx

n = '.

J x
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CHAPTER II.

RATIONAL FKACTIONS.

16. WE proceed to the integration of such expressions as

where A, B,...A
!

, B',... are constants, so that both numerator
and denominator are finite rational functions of. x. If m be

equal to n, or greater than n, we may by division reduce the

preceding to the form of an integral function of x, and a
fraction in which the numerator is of lower dimensions in x
than the denominator. As the integral function of so

i

can be

integrated immediately, we may confine ourselves to the case

of a fraction having its numerator at least one dimension
lower than its denominator. In order to effect the integration
we decompose the fraction into a series of more simple frac-

tions called partial fractions, the possibility of which we pro-
ceed to demonstrate.

TT

Let -^ be_ a rational fraction in its lowest terms which is

to be decomposed into a series of partial fractions
; suppose V

a function of x of the nih
degree, and U a function of x of

the (n l)
th

degree at most; we may without loss of gene-
rality suppose the coefficient of xn

in Fto be unity. Suppose

7= (x
-

a) (x
-

1}
V

(x
2- 2a# + a

2
4- /3

2

) (a
2- 2ya + 7'+ S

2

)

8

,

so that the equation F= has

(1) one real root = a,

(2) r equal real roots, each = &,

(3) a pair of imaginary roots a + /3 V( 1),

(4) 5 pairs of imaginary roots, each being y, SA/( 1).
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By the theory of equations Fmust be the product of factors

ot the form we have supposed, the factors being more or fewer

in number. Since "V is of the nili deree we have

where A, J3V J3
2,...C, D, JE^... are constants which, in order

to justify our assumption, we must shew can be so determined
as to make the second member of the above equation identi-

cally equal to the first. If we bring all the partial fractions

to a common denominator and add them together, we have V
for that common denominator, and for the numerator a func-
tion of x of the (n l)

th
degree. If we equate the coefficients

of the different powers of x in this numerator with the cor-

responding coefficients in U, we shall have n equations of the

first degree to determine the n quantities A, Bv Bs,.,.
and witU

these values of A, Bv J5
2 ,.., the second member of the above

equation becomes identically equal to the first, and thus -~

is decomposed into a series of partial fractions.

If V involves other single factors like xa, each such

factor will give rise to a fraction like
;
and any repeated

*
""~* CC

factor like (x ??)'' will give rise to a series of partial fractions'

of the form 7--Vc^, 7- 5^, &c. In like manner . other
(OS Oj (OS

-~
Oj i

.

factors of the form a?- 2cw + a2

+/3
2
or (af-tyx+ rf+tfy

will give rise to a fraction or a series of fractions respectively
of the forms indicated above.

17. The demonstration'given in Art. 16 is not very satis-

factory, .since we have not proved that the n equations of the
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first degree which we use to determine A, Bv .Z?
2,...

are inde-

pendent and consistent

A method of greater rigour has heen given in a treatise on
the Integral Calculus Tby Mr Homersham Cox, which we will

here briefly indicate. Suppose F(x] to contain the factor

x a repeated n times,; we have, if

_ _ .-
F (x) (x

-
a)N/r (x) (x

-
a)

llf (x) (x- a)
n '

Now d> (x} . : ^r (x} vanishes when x = a. and is there-"r x

^r(a)
T v '

fore divisible by x a suppose the quotient denoted by % (x) ,

then

F (x} (x
- ay~

l

^r (x) ty (a) (x
-

a)
n '

*V \Ci
The process may now be repeated on -.

-Q~4 . /- \ >^ J L

(x- a)
n~1

^ (x)
'

thus by successive operations the decomposition of %n~4

completely effected. In this proof a may be either a real

root or an imaginary root of the equation 'F(x)=0; if

a=a + /3^( 1), then a /S\/( 1) will also be a root of

F(x) = Q; let b denote this root, then if we add the two

partial fractions

$ (a) 1 ,
<f> (5) 1

^"(a) (x
-

a}
n

TJr(b)'(as-b)
a ''

we shall obtain a" result free from V ( 1).

18. With respect to the integration of these partial 'frac-

tions we refer to Examples (9) and (12) of Art. 14 for all

the forms except 7 a .- K^^ ,
and this will be given

,

r (x%yx + ry+o")
m

,

&

hereafter.

Having proved that a rational fraction can be decomposed
in the manner assumed in Art. 16, we may make use of.
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different algebraical artifices in order to diminish the labour

of determining A, Bt , B2, &c. The most useful consideration

is, that since the numerator of the proposed fraction is identi-

cally equal to the numerator formed by adding together the

partial fractions, if we assign any value to the variable x the

equality still subsists.

19. To determine the partial fraction corresponding to a

singlefactor of the first degree.

Suppose
<

^r4 represents a fraction to be decomposed,

and let F(x] contain the factor x a once; assume

where -4 is a constant, and ~~r represents the sum of all
Y (x)

the partial fractions exclusive of-
,
and F(x] ~(x~a)^r (x)X O,

v/\ j r \ i

From (1)

(f> (x} =A^(x} + (x -)%(). ............. (2).

In (2), which holds for any value of
, make x = a, then

therefore A=-
f (a)"

Since J?"(a:)=^(rB) + (aj-a)f' (), we have

therefore A -

tre

- a repeated
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A A A v

where
y-4-c

denotes the sum of the partial fractions arising

from the other factors of F(x). Multiply both sides of the

<b (x)

equation by (x a)
n and put /(a?) for -^j-4 (x a)

n
;
thus

(x)

f(x]=Ai+A,(x-a)+A s(x-a)\ . .+Au(x-a)'"+&M (x
_a).

Differentiate successively "both members of this identity
and put x = a after differentiation

;
then

Thus A
i ,
A

a ,
. . . A n are determined.

21. To determine the partial fractions corresponding to a
pair of imaginary roots which do not recur.

d> (x)
Let

-J77-;
denote the fraction to be decomposed; and

/5 A/ ( 1) a pair of imaginary roots
; then if we denote

these roots by a and I and proceed as in Art. 19, we have
for the partial fractions

and'

(a}x-a F (b}x~b'

Suppose =A - BV (- 1) ; then since -

may be

obtained from
j!rr4 by changing the sign of V(-l), we

must have r = J + BV (- 1). Hence the fractions are
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and their sum is

22. Or we may proceed thus. Suppose x*-px + q to

denote the quadratic factor which gives rise to the pair of

imaginary roots a ft V (- 1} ;
"then assume

<ft(X)_
Lx+M x)~

a

so that JF
(aj)

= O2

-px + q) f (a?)
. Multiply hy F (x) ;

thus

c^ (x)
=

(ia? + If
) ^ (a?) 4- (a;

2

-^i + ^) % (a?)
......... (1).

Now ascribe to x either of the values which makes

os
2

px + g vanish ;
then (1) reduces to

................ (2).

Now by the repeated substitution of px~q foi-x* in both,

members of (2), we shall at last, have x occurring in the -first

power only, so that the equation takes the, form

Now -put for x its value a + /9 */(-!) and equate the co-

efficients of the impossible parts ;
thus

P=P' and therefore also Q= Q'.

Here P and Q are known quantities, ancLP and Q' involve

the unknown quantities JO. and M to the first power only, so.

that we have two equations of the first degree for finding L
and M.

23. To determine the partial fractions corresponding 'to a

pair of imaginary roots which is repeated.

We may proceed as in Art. 2b. Or we may adopt the

following method. Suppose, a?
2

px + q to be the quadratic
factor which occurs r times

;
assume
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'

l

F (x) (rf-

so tliat F(x] = (a:

2

-^x + #)
r

-^ ().
1

:

Multiply by ^*(aj) ; thii3"'
;

-

' ''' "

<^> (cc)
= (Lrx + Jfr) ^ (x) + (Lr_:

x

Now ascribe to x either of the values which makes
xz

px + # vanish
;
thus the equation reduces to

Proceed as in Art. 22, and thus find Lr and Mr . Then
from (1) by transposition we have

The right-hand member has a;
2

p# + ^ for a factor of

every term
;
henee as the two members are identical we can

divide by this factor. Let
<$>. (x} indicate the quotient ob-

tained on the left-hand side; then

9i OB)
= (L^x +Mr_^ f (a;) + (Lf_zx +Mr^ (x

2

~px +q}^ (x}

+ ...... + O^-jwo+ar^xOB) ............ (2).

From (2) we find Lr_v and Mr_^
as before

;
then by trans-

position and division

and so on until all the quantities are determined;

/P* _ 3^.. _ g
Take for example -r-r,

-
$>-,
-

r, . Assume it equal1
(as

1 + x + iy (x + I)
2 ^

to

then c
2 - 3a; - 2 =

( a
as + Jf

a) (aj + I)
2

515,

Ub BM re
)

2+(^+^ + i)
2%N ...... (3)-
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Suppose x2
4- x + 1 =

;
thus the equation reduces to

Put x 1 for x2

; thus

- 4o;- 3 = a;+ Jf a; =

therefore ~& = L
2 +M2 ,

and 3 = Z
2 ;

thus D9
=

3, and J = 1.
A * &

!From (3) bj transposition

r

2 - Bx -' 2 - (3a;
~

1) (x + I)
3

The left-hand member is Bx
3

4a?
2 lx 1

; divide Tby
xz

-}-x+l'} thus

Again, suppose cc
2 + a; + 1 =

;
thus

- 35_ 1 = (^oj+ jfcT) (a;

2
-f 2x+ 1)

=
(

therefore 3 = L^ +M1 ,
and 1 = ^ ;

thus -A" 1 ^d Jfjsa-2.

Thus the partial fractions corresponding to the quadratic
factor are found. The partial fractions corresponding to the
factor (x + l)

2

may then be found % Art. 20. Or we,may
from (4) by transposition and division by c

2 + aj+ f obtain'*

-
( -1) = %{)-

Thus

x + l 2 i
'

2 '

therefore

c
2-3-2 3a?-l
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5cc
s+ 1

24. Examples. Required the integral of -5
---

.

By division we liave -

35a?-29

. 35^-29
Assume ~

T 1 ~T_ 9 '

tAj JL iX/ A

therefore 35 - 29 =A (x
-

2) + .B
(a?
-

1).

Make x successively equal to 1 and 2
;
then

35 - 29 = A, or A = -
6,

70-29= B, or B = 41;

., , 5i
3 +l -

, 1K 6 ,41
therefore ~, ~ = 5x + 15 - - - + - -

f K^.3 i

-j
K^a

therefore ^
^
^ dx=-^- +15a?-6log(o;-l)+411og(a;-2).

j ct/
~~"

Qy?"7"- A!

T, .
n ,, . . , - 9.

2 +9^-128
.Required the integral ot -= - -.^ & x3 - 5x" + 3x + 9

Since a?
3

5a?
2 + Bx + 9 = (x 3)

2

(a? + 1), we assume

9ar' + 9a?-128 _ A B^ B
z

therefore 9a2+9-128=^ (x-B}
2+Bi (x+l)+B2 (x+l)(x- 3).

Make x = 3 and 1 successively, and we find

Also "by equating the coefficients of a?, we have

therefore J9
2
= 17

;

therefore

_ n . . . 5 . ,* 8 ** ( + 1) + + 17 log (
-

3).
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. , , . i t x'+ 1

fquired the integral of
T^^fr^+

__-.
(a;-!/ (aj-l)

I

s

Pat a? =1, then 2=2^, .........................
(2);

therefore J[
x
= 1.

From (1) and (2) we nave "by subtraction,

Divide by as 3
, then

ar=I, then 2 = 3
.....................

/
l(

\ .

tlierefore A __ i
^2 f-

From
(3) and

(4), ty subtraction,

Divide by z-i, then

l) +K + ^(ie _I
)](lI, + ,

)
-

])t;i
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Put re = 1, then 1 = 3^ + 3^+2-4, ............... (8) ;

therefore A
z
=

|.

From (5) and (6), by subtraction,

Divide by x 1, then

+ l)}(x-l} ...... (7).

Put 03 = 1, then =^+3^ + 3^ + 2^ ............ (8);

therefore A =
f.

From (7) and (8), bj subtraction,

Divide by x 1, then

A
i (x

s + x + l)

......... (9).

Put x = l, then

=A
2 +A S + A, + BS..................... (10);

therefore B = % ,

From (9) and (10), bj subtraction,

= A
a (x + l}+A4 (x

2 + x)+J5(x
y

-x-2} + (Ox + D) (cc + 1

Divide bj x + 1, then

0=A
z +Ai

os + (x^2) + Gx-+J) ............ (11).

Put x = 0, then

A S ~2S +D = ....................... (12) j

therefore D =
^.

T. i. c, 3
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From (11) and (12), by subtraction,

8 (a
-

1) 24 (o?+ 1)

'

3 (a? -to

(o*+l)d<B 111- + +

'
'3

25. "We will give as additional examples the integration of

-~ -
, supposing m and n positive integers, and m 1 less

a) + 1

than n.

a;"
1"1

Required the integral of t

-
,
n "being supposed even.

tXs
"~~>

JL.

The real roots of xn
1 = are 1 and 1, and the imagi-

nary roots are found from the expression cos rd V( 1) sin rB,

where 6 =
, and r takes in succession the values 2, 4, ... upn L

to n 2
;
see Plane Trigonometry, Chapter xxin. Now by

Art. 19 if
j=rf-4

be the fraction to be decomposed, the partial

fraction corresponding to the root a is -L / \
~

r
Jj (a) xa

present case

Hence corresponding to the root 1 we have the partial

fraction -, rr
,
and corresponding to the root 1 we have

n (x l)

the partial fraction \,
_/

. . And corresponding to the pair

of roots cosr# + V( 1) sin rd we have
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_ cos#-- - 1 sin r0 m_
n {x

- cos r0 - V(- 1) sin r6\ n {x^c

that is

cos mrd + A/( 1) sin mrd cos mrd ~
A/( 1

) sin mrd
n {x

- cos rd - V(~ 1) sin r6] n {x
- cos rO + ^/(- 1) sin rO]

'

that is
2 cos 7nr# (x

- cos r#)
- 2 sin mrfl sin rfl

n (x
2

2.c cos rd + 1)

"

*

Thus
^ = 1

i
(-ir_

af-1 ,w(a?-l) 5i(^ + l)

mr<^ ~ cos ?^
n (x cos

r/9)

where ^ indicates a sum to "be formed by giving to r all the
even integral values from 2 to n 2 inclusive. Hence

cos mr0 log (

2
-2o; cos

.n n smrd

xm
~l

26. Required the integral of -, n being supposedx ~~ l

The real root of of- 1 = is 1, and the imaginary roots
are found from the expression cos rd V(- 1) sin rd, where

0= - an(i r takes in succession the values 2, 4, ...up to

TO 1. Hence as before we shall find

~l dx l. ..
v i .

_.
= ~

log (x-l) + ~2, cos mr^ log (a;

a - 2x cos r

2 v /a* -!^ sin 2W tan x

32
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;"1

"~T~

a;

27. Required the integral of n
-

,
w ewz# supposed

OS "~T~ JL

The equation os
n+l = has now no real root

;
the imaginary

roots are found from the expression cosr$ + V(~l) sm r^>

where 9~~, and r takes in succession the values 1
, 3, ... up

to n 1. And if a be a root of x
n
-f 1 = 0, we have

$ (a) _ a'1

_ a
m
_ a

m
_

F' (a) nan
~l nan n

'

,

thus the sum of the two fractions corresponding to a pair of

imaginary roots is

2 cos mr0 (x cos r&) sin mrd sin rO

n (x cos r&f + siuV#

Hence

J^F+T
=
~n ^ C S mr6 log^ ~ 2* COS r^ +1^

2 x
-j-
- S sin TOr$ tan"

1
. ...

n sin r#

where !S indicates a sum to be formed by giving to r all the
odd integral values from lton-l inclusive.

28. Required the integral of ^
-

, n "being supposed

odd.

The real root of ic
u+l=0 is in this case -1, and the imagi-

nary roots are found from the expression cos r& \/( 1) sinrfl,

where 6 = - and r takes in succession the values 1, 3
;

... up
to n 2. Hence we shall obtain

-S cos mrd log (.c

2 - 2a? cos r^ + 1) + - ^ sin mr0 tan-
1

/A
sin rti



RATIONAL FRACTIONS. 37

29. We will finish the Chapter with some miscellaneous

remarks on the decomposition of rational 'fractions.

6 (x)
I. Suppose we have to decompose the fraction L, into

partial fractions where
(f> (x) is not of a lower dimension than

F(x}. Divide <
(a?) by F(x) ;

let ^ (a?) denote the quotient,
and

(J32 (x) the remainder
;
then

TJQ.G1*6I01*G ~~~r~i i v CX \') ~T~ "T~T 7~~r

Accordingly we have now to decompose -^/ '/ into partial

fractions. It should be observed that we shall obtain the
same values for the partial fractions whether we apply the

methods of Arts. 19, 20, 21, 22, and 23 to ^J^\ or to ^-K .

H (x) (x)

Take, for example, the case of Art. 19 : since, by hypothesis,

F(a] = 0, and < (x}
=

fa (x) F (x) + fa (33), we have <

(a)
=

fa (a) .

II. From considering the values of A
I} A^,... in Art. 20

we see that the following result holds: let r stand for any
integer from 1 to n both inclusive, then Ar is equal to

the coefficient of Ji'
1
in the expansion off(a + h) in powers

of k. Accordingly we may obtain A v by ordinary algebraical

processes. For example, suppose we have to decompose

/ vT/ T\V
mto partial fractions. Denote the required

f (Xj Ctj
( OC ~~" u }

partial fractions by

4_ +,,\H */ \ n i / \ n-i i

( 'JC
~~

Cf'j
(tXj

~~~
QJ) 05 ~~~

Of

~^
( li\P 7 / \P~~~3-

""^ ** *T"
J

*

I 'Ju
"~

\ \<iJu
"~~ U I *Xj ~7~ U

Here f(x) = (x b}~* ; therefore A r is equal to the coeffi-

cient of /i'"
1
in the expansion of (a b + h)~

f in powers of h.
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The expansion can "be effected by the Binomial Theorem
;

thus we obtain

_ JP (p + l)...(y+r-2) JHITL
T
~ ' *-1 '

Similarly if s stand for any integer from 1 to p, both

inclusive, then Bs is equal to the coefficient of Ji
a~l

in the ex-

pansion of (& a + Ji)~
n
in powers of h.

III. Suppose that

here 6 (x) and F(x) are of the same dimensions. By decom-
6 (x) . A

2"

posing -7f7~ we obtain the term ^w, together with a series of
*-

/i I '7* i if

partial fractions, a pair of which may be denoted by

-

A r
,

K

where p stands for
-yK

Then, by Art. 19,

A =

+ p'

Let h be less than 7c, and suppose n to increase indefinitely ;

then the term ^ yanishes. And, by Plane Trigonometry,

Chapter xxili. we have

, ,,

N
sin lix r, ,

. sin lex
'
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therefore <
(p)

= T--
, and since sin 7cp

=
0, we have

fip

Thus
x p x + p h cos kp \x p x + p

. Tirnr
2r7r sm -T

Hit cos vrr (x
z

-

)

\ 7c /

Hence finally, if li be less than Jc,

''"

r sin ;

,

sin
7

"~
, 7 .j .. .1 ,,, .

sm hx cos ?-7T
(/c"a3

rV
)

where 2 .denotes a summation with respect to v from r=l
to r = oo ,

The method of this example may Tbe applied in other

similar cases.

IY. Some additional information on the theory of the^

decomposition, of rational fractions will be found in the first

volume of Serret's Cours d'Algtibre SupSrieure, 1866. Sug-
gestions which are intended to diminish the numerical labour

involved in the process of decomposition will be found in the

Cambridge and Dublin Mathematical Journal, Yol. III., in the

Mathematician, Yol. ill., and in the Quarterly Journal of Ma-
thematics, Yol. y.



EXAMPLES.

EXAMPLES.

= ^-7rC + 64 log (a? + 4)
- 27 log (o> + 3).

6

/7-r

f

) (as -f 5)

"
4

.

i

-- tan"
1
x.

a
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14

_ _ ,

J^TI~42 g

-
15 ^g (1 + ^} + ^g (t + 2a>) + taiT

1
a>.

a;
2 - cc V2 + 1

-
{tan"

1

(a? V2 + 1) + tan~
x

(a? A/2
-

1) }.

17. , /
?/

r-- Assume

18. , -7" .
4n~~-"*- - ....... . Assume ?/ =



CHAPTEE III.

FOBHULJ3 OF EEDUCT10N.

30. LET a + lxn be denoted "by X; by integration by
parts we have

m m

m (i).

The equation (1) is called a formula of reduction; by
means of it we make the integral of af

1
"1^? depend on that

of xm+n
~lXp

~\ In the same way the latter integral can. be

made to depend on that of a3
m+2l'-1Jp-2

;
and thus, if p be an

integer we may proceed until we arrive at Xm+np~i2 y~p
)
that

is a>
m+n*-l

}
which is immediately integrable.

From (1) , Iby transposition,

bnp bnp ,

Change in into m n and p intop + 1
;
thus

In (p + 1) bn (p + 1)

This formula may he used when we wish to make the

integral of c"
l

_5? depend upon another in which the exponent
of x is diminished and that of X increased. For example,
'ifm = 3, n = 2, and p = f,

we have

a?dx x 1 f dx
~i~ f

(a
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The latter integral lias already been determined, and thus
the proposed integration is accomplished.

Since fx^Xvdx
= fx^X^^a + fee") dx

J J

we have by (1) .

-^ fx^^X^dx = a fx^X*-
1 dx + b L***-1^*-1

dx,m J J J
'm m

therefore
am am

Change j? intop + 1, and we have

7) (m 4* nn 4- n\D(m + n + n

am am

Change m into m n and transpose, then

faT-p dx =
^""X?+1 - (m ~ n]a L^dx (1}I Jj ^3. UiJj , , .

jr-
-. r- I JC J\. UiX ...... . ( 'j .

J b (m + np) o(m+ np) J
^ '

We have already obtained from (1) by transposition

!xm+n
~lX*-1 dx =^ -^L Lr^X* dx

J bnp bnpj

also Ix'^X11dx=a fx^-X^dx + I
\x

m+n-lX^ dx
;

J J j

therefore fx^X^dx = a fx^X^dx + ^^ - Lm~lXpdx-
J J np np)

therefore
mr*X*dx= - +-~ ^X^dx ....... (5).

J m + np m + np j
^ '

Change p into p + 1 and transpose ;
thus

,,,,an (p + 1) an (p + 1)



FORMULA OF REDUCTION",

SI. If an example is proposed to which one of the pre-

ceding formulas is applicable, we may either quote that

particular formula or may obtain the required result inde-

f a;
m dx

pendently. Thus, suppose we require I -^-^ ; we have
J v (ft

^
/

dx
t
a

By transposition,

a,+m -

therefore

m
.

+ '- 9
.....

^ ''

This result agrees with the equation (4) of the preceding
Article if we make a c

2

,
I = 1, n = 2, p = ^-,

and changew into in + 1.

Again, suppose we require . .. .,

-
^7. We have

' rj^ ^
Jso

m
^(a"+aer)

dx d^(^+xz

)
1 ,

By transposition,

do?
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and by changing m into in 2 we obtain

<# A/(
2 + 2

)
m 2

(tti-l)aV
1-1

(m -1) a* J a?-* */ (a* + a?)

............ (2)-

Another example is famished by \-JT- /which may
J -y I * $*32 ""** ^2 J

be written I

-J-T-
r

;
if in equation (4) of the preceding

Article we make 5 = 1, n = l, > = I, and change a and m
into 2a and m + -| respectively, we have

xmdx
,

"T
O/7 -y ,... ,-yi" I rt79 /M-}
-yCttX/

^^
X./ / //W */W

'

'. ..-.'.(3),

which of course may be found independently.

32. In equation (6) of Art. 30 put a = c", m =
l, n=2,

5 = 1, and_2?= r; thus

f dx _ x 2r 3 f dx

J (x
2+ c

2

f
~

2 (r 1) c
2

(x
2 + c

2

)''""

1 2 (r

This formula will serve to reduce the form

(Ax + -Z?) dx

which occurs in Art. 18
j

for this last expression may be
written thus,

C A (x a.)
dx , .

that is

dx

By putting x a = x, we have

and thus the above formula becomes applicable.
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33. These formulae of reduction are most useful when the

integral has to be taken between certain limits. Suppose
* (^i x(x}) ^ (

x
")>

functions of 03, such that

f /*

I <> (x) dx = v (x) + I ^ (x) dx,
J J

f
1

/"

6

then /
cj> (x) dx = % (b) % (a) + I ty \X) dx,

J a J

as is obvious from Art. 3.

For example, it may be shewn that

I (c
2

x*)* dx H I (c
2 x2

)'

2 dx ;

suppose
- a positive quantity, then cc(c

2 a2

)'"

3 vanishes both
j

when x = and when x = c. Hence

The following is a similar example. By integration Iby

parts

/ v fi __ ^\ /v. _

(

rt
(1
- xY^dx = - ^-^ ^- aT1* ?

J
v ' n n

Hence f cc
7
^1

(1
- xf^dx= [V2

(1
- rcY&j.

Jo n Jo
J

Thus if r be an integer we may reduce the integral to

n 1

(1 xy^^dx, that is to-: -
; hence

Jo n + r~l }

34. The integration of trigonometrical functions is faci-

litated by formulae of reduction. Let $ (sin x, cos x) denote
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any function of sin so and cos x
;
then if we put sin x = z, we

have

f . f ?aj

16 (sin a?, cos a;) cfoc = oE> \z. \/(l
2

)}-r- dz
j
r \ i

j
T (. \ n dz

For example, let
<j> (sin x, cos x)

= sin* x cos 2
a?

; then
j

(2). !

If in the six formulas of Art. 30 we put a = l, 5 = 1,

2, ^ == J (g 1) 5
we have

m
m-2 /-f _ _S\ l(s+l) w _ O_(

l
___5J__L. 1:1_f

ni m
m-2

m + g-l

If we put ?n=p + i
5
and # = sina2, the first of the above

equations becomes

f n o j sin^ajcos*"1

q 1[ . ... a_n 7smp x cos2 xdx --- --
\.

-1 - sin* x cos2 - xdx.
J ?+! ^ + 1J

and similarly the other five equations may be expressed.
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35. The following is a very important case :

f 7 fdoosx . _! ,

sm a?oc = I 7
- sin xdx

j J dx .

r

=- cos x sin"'
1x + (n

-
1) cos

2
c sin'

1
"2

02 dx
J

r

--cosx sin^x -j- (n
-

1) I (1
- sin

2

)
sin""

Transposing, we liave

r
f -i

n I smn
c da;=- cos x sin^x+ (w

-
1)1 sin"

J **

.1 /. f 7 cos as sin*
1"1

ar
,

n 1 T .

therefore smuo;^ =---1

-- am"
J n J

From the last equation we deduce

/in-

% 3 f*""

sin
M~2 xdx =-5

sin
n~4^ dx.

^ J o

Proceeding thus, if n "be an evew integer we shall arrive

/JIT
dx or -^TT; if n be an odd integer we shall arrive at

riTT

I sin asfllb, which is unity. Hence, if be, an integer,
J o

[-" n j (n-1) (n~3)(w-5) ...... ITT . ,

I s,m
nxax= ,

; -- .-/
x -. 1- -

(n even),
J (-2) (-4) ...... 2 2

v J

f
iir

^ (w-1) (n-3)(-5) ...... 2 , .

smnxdx = ^-
/-^-SN-/ -~r\

-----
b ( odd) .

J n (n 2) (n 4) ...... 3
x '

These two' results hold if we change sin a; into cos
a?, as

will be found on investigation,
-

36. From the preceding results we may deduce an im-

portant theorem, called Wallis's Formula,
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Suppose n even
;
then

'** n-l n-B n-5 3 1 TT

sirr

n n 2 n 4t 422
w _2 n 4 w~6 2

1 <w Q 1 9

(1),

(2).

Now it is obvious that I sin""
1 xdx is less than

/o
r *""

,
r Iff

I sm'
1'2^^ and greater than / sin"a;^; because each

^o J o

element of the first integral is less than the corresponding
element of the second' integral and greater than the corre-

sponding element of the third integral. And it has been
shewn that

in-

ITT

sin"
2 xdx

/"}T

/ sin" xdx
Therefore~ is less than 1 and greater than

sin"-
1 xdx

Hence the ratio of the right-hand member of (1) to the

right-hand member of (2) is less than unity and greater than
n-1-

; thus

tf^^
2 ' 2 ' 4 ' 4 ' 6 ' 6 ...... (n-^C^-g)
1.3.3.5.5.7 ...... (n- '6) (n-1) n-1'

EXAMPLES.

1.

T. I. C.

and less than
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2
f

. \a
J

m + 2

3. as V(2a - s

)
dfo; = -

1- (2aoj
- a?

2

)
*

m + 2

2\ 7
x] a

'

4. I & \/(%ax a?} dx
~~

.

Jo *

5. lx^^(2ax x2

)
dx~~ (%axx^ + -

J *-

r2n K 4

f I p //^ \ 7 DCiTT
6.

/ x\/(%ax xz

]
dx =-- .

J 8

-
a?} 'dx = ,

9.

10.

--
11.

3

TT

12. fsin
3^ cos

8^ d6**-% cos
4^ + 1 cos 0.

*
/

co
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15.

Assume A/ (2) sin # = sin

i/ r // a \ -i^ ?
16. V(-ar)cos

1 -&?=
j a

f
2a

17.
J

10 [
l7r sm3xdx c

2 -!, , . 2-c
18. -----. = ^log l + c +- j-.

J 1 + ccosx d 2c

r

19. If ^> (n)
=

I (1 + c cos a;)

"
cZa?, shew that

\-n+l

1) (1 c
2

) 156 (rz.)
= c sin a; (1 + c cos a?)

+ (2n
-

3) (
-

1)
-

(w
-

2) <j> (n
-

2).

r2a
^ x

20. / J(2ax c
2

) vers"
1 -dx

J

9s -i 7
21. xJ(Zax as

2

)
vers -a^ =

a 9

22. (tan ;r)

7^ =& -
|- log 2.

Jo

f-
77 ^ Tf, , '/1\8 2

23 -

J. vd-o'sin^)
=

5 1

1+ (FC

c being less than unity.

24. Let P= Axa + Brf + Oxc+ . . .
,
Vmin

=

a = m + 1 + na, (3
= m + 1 + nb, 7 = m + 1 + nc, ...

Then
' m,n -" '

i+a,n-i "T -t*
"
m+5,n-i T" ^ '

MI-I-C,)!-!
"!"

w+lpn fiAV 4- BJ3V 4-rvOV +^ -1 -" r m+a,n-i * PJJ ^ m+l'n-i ^ 7 u ^m+c.re-l

(Cambridge and Dublin Mathematical Journal, Vol. III. p.

242.)

42



CHAPTEE 1Y.

MISCELLANEOUS REMARKS.

37. WE have at the beginning of this book defined the

integral of < (x} between assigned limits a and 5 as. the limit

of a certain sum < (x} Ax,
'

and have denoted this limit by

$ (x) dx. We have shewn that this limit is known as soon
_j

'

as we know the function ty (x} of which
<j> (x} is the differen-

tial coefficient. In. the pages immediately following we gave
methods for finding ty (x} in different cases. We shall now
add some miscellaneous remarks and theorems, some of which
will recall the attention of the student to the process of sum-
mation which we placed at the foundation of the subject.

38. Suppose we wish to find the integral of sin x between
limits a and b immediately from the definition. By Art. 4 we
have to find the limit when n is infinite of

h [sin a+ sin (a + h) +sin(a + 2/z) + sin{+ (re 1) A)],

where h -
(5 ~ a) .

n '

It is known from Trigonometry that this series

ftain'-
n - 1 ^-'- nA '--' l ~ a AN - *-

sin~ h sin
(
a + r I sm
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The limit of 7 when n is infinite and therefore h zero is
. n,

sm-

2
; hence the required integral is

. 5 + a . 5 a
2 sin - sin = cos a cos 6.

_39. Required the limit when n is made infinite of the
series

- 4-
n

ju
n

j-
n n

'

__2 ~*
~t , 2 I ,n2 . 2 ~T Q . O *" "T~ 7~ J V ft

"
n

This series may be written

1

p i

-

putting h for -
, we obtainr o n

1 + A2

1+(2A)
2 '

l + (w-l)Tj'

Comparing this with Art. 4 we see that the required limit is

what we denote by I
-

2 . Now I -^
= tsm~

1x ; hence
J Q

1 *T~ ^3 J J- (" ^
77" *- is the required limit.

/b$ (x) dss as the limit when n is infi-
j

nite of

Now let .4. and B be the greatest and least values which
<j> (x) 'takes between the limits a and b

;
then- the series is

less than
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and is greater than

that is, the series lies between

(b a) A and (b a) B.

The limit must therefore be equal to (5 a] G, where G is

some quantity lying between A and B
;

but since <> (x) is

supposed continuous, it must, while x ranges from a to 5,

pass through every value between A and JB, and must there-

fore be equal to G when x has some value between a and b.

Thus G < [a + 6
( a)}, where 6 is some proper fraction,

and
f
6

I
<jb (x] dx = (5 a) <jb [a -f $ (5 a)}.

/ a.

Similarly if
T/T (03)

retains the same sign while x lies be-

tween a and Z>
}
we may prove that

r-6 rt

I
(f) (x) ty (x) dx

<p [a + d (b
~

a)} I ty (x) dx.
J a J a

41. The truth of the equation

y6

i i 0" 1 /"Z 7* M \
> ^-; ttx ^i;

will appear immediately ;
for suppose ty (,%) to be the integral

of <
(as),

then we have on the left-hand side

f (a),

and on the right-hand side

^(G)--^ (a) +f (&)
-

ty (c).

In like manner the equation

<f> (x) dx \ $(x)dx .............. (2)
J b

is obviously true. We may shew also that

3(a~x}dx ............ (3).
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For putting a x = s we have

I
(j> (a x} dx = I

<j> (#) ds,
J J

'

'.

/a

ro

d> (a
-

x] dx = -~ 6(z] dz
* * I r \ /

) J a

= !
<j> (z) dz, by (2).

J

fa
fa

Of course I

<j>(z} dz=l $ (x) dx, since it is indifferent whe-
Jo Jo

ther we use the symbol x or a in obtaining a result which
does not involve x or z.

We have from (1)

/2<z

ro, rSo,

cf>(x} dx= (j> (x} dx+ (j) (x} dx.
) ./ J a

_

The second integral on the right-hand side, by changingx into 2a - x, will be found equal to

/a
^

ra

(j> (2a x) dx or I
<p (2a x} dx.

) 'Jo
Hence

rsa f a

I
(56 (x) dx=l U

(:
/o Jo

Hence, if $(x}^$ (2a
-

x) for all values of x comprised
between and a, we have

dx .................. (4),

and if < (2a
-

x)
= -

<
(aj), we have

ra

<^(a!)cfoj
= ........................... (5).

Jo
v
/

For example,
""

..,. by (4)
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and Pcos'^-O by (5)-

.'o

42. Such equations
as those just g^en should receive

cireM attention from the student, and he should not leave

K^h^oogniB their obvious and adf-eyident truth.

Feos'Wtf is by definition the limit when n is infinite of the

series

h (cos
3 k + cos

s
2 + cos

s
3/i ...... + cos

3
(n
~

1) A},

where 7i = rrr. Now

thus the positive terms of the series just balance the negative

terms and leave zero as the result.

/IT

'

rlrr

sin
3'0^# = 2/ am*0d&

) /
follows immediately from the definition of integration, and tho

foci that the sine of an angle is equal to the sine of the sup-

plemental angle.

Suppose 1} greater than a and <
(as) always positive be-

tween the limits a and 5 of as
;
then every term in the scries

2<
(,?}

As; is positive, and hence the limit
j cj> (ay)

djo must
J a

le a positive quantity.

43. All the statements which have been made suppose
that the function which is to be integrated is always finite

between the limits of integration ;
for it must bo remem-

bered that this condition was expressly introduced in the
fundamental proposition, Art. 2. If therefore tho function
to be integrated becomes infinite between the limits of inte-

gration, the rules of integration cannot be applied ;
at least

the case must be specially examined.

Consider / -___
;

the value of this integral is
J o V v >&)

2-2y(l-a). Here the function to be integrated becomes
infinite when a?=i-; but the expression 2 - 2 V(l ~) is
finite when a = 1. Hence in this case . wo may write
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-r = 2, provided that we regard this as an abbrevia-
i <y I -*.

~~"
*X-M

r&
fi "y*

tion of the following statement :
"

I . . r is always finite

.

if a be any quantity less than unity, and by taking a suffi-

ciently near to unity, we can make the value of the integral
differ as little as we please from 2."

ra ^y,
Next take /

- -
;
the value of this integral is log (Ia),

J o 1 X
which increases indefinitely as a approaches to unity. Hence

f
1 dx

in this case we may write I
- = co provided that we

J o 1 OS

regard this as an abbreviation of the following statement :

'ra
J.y,"

I increases indefinitely as a approaches to unity, and
J o J- os

by taking a sufficiently near to unity we can make the inte-

gral greater than any assigned quantity."

Next consider I-.---
-7^,;

the integral here is y^ ^
without remarking that the function to be integrated be-

comes infinite when x= 1, we propose to find the value of the

integral between the limits and 2, we obtain 1 1, that is

2. But this is obviously false, for in this case every term
of the series indicated by 2) < (x) Ao; is positive, and therefore

/i f2x f
2 dx

the limit cannot be negative. In fact

_

are both infinite. This example shews that the ordinary
rules for integrating between assigned limits cannot be used

when the function to be integrated becomes infinite between
those limits.

44. In the fundamental investigation in Art. 2, of the

C
l

value of I <p (x) dx, the limits' a and b are supposed to be
1 a

finite as well as the function < (x). But we shall often find it

convenient to suppose one or both of the limits infinite, as we
will now indicate by examples.
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Consider
| ^ ;

the integral is tan"
1
x. Hence

= tan"
1

a; the larger a becomes, the- nearer tan"
1 a approaches

to -
,
and by taking a sufficiently large, we can make tan"

1
a

A

differ as little as we please from | ;
hence we may write

f _^_ as an abbreviation of this statement.

J l+ar 2

Similarly T;^ = log (1 + a) ;
and by taking a large

enough we can make Iog(l + a) greater than any assigned

quantity. Hence for abbreviation we may write

dx = CO.
1+2!

45. Suppose the function
<j6 (a) to become infinite once

between the limits a and b, namely, when as = c. We cannot

f ^

then apply the ordinary rules of integration to
J

<j> (x} dx; but

we may apply those rules to

c6 (x} dx

for any assigned .value of p. however small. _The
limit of the

last expression when p is diminished indefinitely is -called by

! Cauchy ti& principal value of the integral
J

c/> (a?)
dx.

1

For example, let
cj> (x)

= -~
;

. [-^ dx , c a
then = log ,

/ f* ~~ 1G Lb

c-\-\i.
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lience tlie principal value is log
---

log
-

,
that is

-,
c~ a

loff =- .& l-c

r else 'y*

46. The value of 1-7-7-^- ~\ is sin"
1 -

; hence
J V (a"

-
x") a '

_^ ~ 1 '

Students are sometimes doubtful respecting the value winch
is to be assigned to sin'

1

(1) and to sin"
1

( 1) in such a result

as the above. Suppose we assume ss = a sin 6 thus the integral
r

becomes Idd or 0. Now x increases from a to a, hence

the limits assigned to 6 must be such as correspond to this

range of values of x. When x = a then 6 may have any

value contained in the formula (in 1) ,
where n is anyA '

integer. Suppose we take the value (in I} ~, where n is
/?

some definite integer, then corresponding to the value x a
TT

we must take 6 (-in 1)
- + TT; this will be obvious on
a

examination, because x is .to change from a to + a, so that
it continually increases and only once passes through the value
zero.

Hence . .

J_aV (
~

;

As this point is frequently found to be difficult
, by begin-

ners we will consider another example.

Suppose we require

,xr , _,We have ., r = - tan
1

"
a \ a

and as the integral is to be taken between the limits and TT,
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we must determine the values of tan"
1

[

-
)
in these cases.

\ a J

Suppose 0, 1?
#
2 , 8 ,

... BM TT, to he a series of quantities in

order of magnitude. By the nature of integration

fi

JO
udd+...+ udd.

each of the integrals on the right-hand side can he

made as small as we please by increasing n and making two

consecutive quantities as #,, and r+1
to differ as little as we

please. Hence we see that the symbol tan"
1

[

-^ -
)
must ber J

\ a J

so -taken that tan"
1

(

- 1

.)
tan"

1

[

-
-} shall diminish

\ a J \ a J

indefinitely when ff
r+l

Qv does so.

Therefore tan"
1

( )
must increase continuously with 0,

\ a J

and it can only pass once through an odd multiple of - while

6 passes from to IT. If then we take TOTT for the value of

tan"
1

( ]
when 6 = 0. we must take (in +1} TT for the value

V a J
x

^

'

when 6 IT
;
and thus the value of the integral between the

assigned limits is .

a

A common mistake with beginners is to take the second

value the same as the first, instead of taking the second value

to exceed the first by TT
;
thus the value of the proposed inte-

gral is made to be zero, which contradicts the last paragraph
of Art. 42.

. .

Again, suppose we require
^

a - 2
,,

Thus the required integral is - + -

c
a~ 2ac cos

2
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dd
Now

m u_ t

= I -;

S6C -

^j^
= -

8
--

2 tan
-1

( - tan

2 TT
When taken Tbetween the assigned limits this gives ^ 2

-

Cu *""""" C ^s

if a is greater than c, and $ 2 if a is less than c.
GJ

*""* C A

*7T"

Hence the value of the proposed integral is - - if a is greater

than c, and zero if a is less than c.

f '~^

S.- "47. The Integral Calculus furnishes simple demonstra-
tions of some important theorems relating to the convergency
and divergency of series.

If <p (x} continually diminish as x increases without limit

from the value a, then the infinite series

.(a + 2) +

and the integral I < (x) dx are loth finite or ~both infinite.

For since < (x) continually diminishes I
<j> (a?)

dx is less
J a

/a+l

ra+l

$ (a) dx, and is greater than I ^>(a+l}dx; that is
t J a

pa+l
I

(j> (at)
dx is less than $ (a) and is greater than $ (a + 1).

J a
ra+2

Similarly (aj)
dx is less than <(aHrl) and is greater

> a+l \

than
<p (a + 2). Proceeding in this way we can shew that

r

the integral I $ (x] dx is less than <f

< < (a) + < (a + 1) + (a + 2)
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but is greater than

</> (a + 1) + <j> (a + 2) + <j> (a + 3) + ......

Hence the series and the integral are both finite or both
infinite.

;
*

-' .

"- '

48. Now let logo; be denoted by A, (x}, let log (logo;) be
denoted by A-

2

(x), and so on. Then we shall demonstrate the

following theorem :

The series of which the general term is the reciprocal of

n\ (n] X
2

(w) ......V (n) {^
r+1

(riff,

is convergent if
'

p be greater than unity, and divergent if p be

less than unity.

Let =

r fv*
1

(cc}}
1'*

then I $ (x) dx = ^-^
,
ifp be not unity, and =V1

"2

(as)

if j? be unity.

Hence / $ (as)
dx = ^ ^-

,
if p be greater than

unity, and is infinite ifp be equal to unity or less than unity.

Hence the theorem follows by Art. 47.

'-" 49. We now proceed to investigate rules for determining
whether a proposed infinite series is convergent or divergent.

Let there be an infinite series

1 1 1 1
^

, ;. /..s "T~ .1. /.. i i s ~l
i 77! '. ?rT "T" ~i 7 ", IT\" T 3

denote the general term by -TTT- ^ is obvious that the^ Y (a?)

series is certainly divergent unless ^ (a;) increases indefinitely
'-with x : we will suppose that ty (x) increases indefinitely
with x.
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I. Suppose,' as x increases indefinitely from a certain

1
/"Y

value a, that
,

. . is always less than
,
where G and p

ty(x) &
are constants, p being greater than unity; then the proposed
series is less than a certain series which is known to be con-

vergent by Art. 47 : therefore the proposed series is con-

vergent.
1 G

If -r is less than
,
then xp is less than Gty (x) ; and,

Y~ (x) xp

lo^1
*
CA\J^ (X\

taking logarithms, we find that p is less than -
.o to ) r

, j g x

The last expression assumes the form - when x is infinite
;

by the ordinary rules for evaluating such an expression we
on|/ (x]

obtain ,>. as its equivalent. Therefore if the limit ofw (x)

x^r (x}
-, . \ . when c is infinite, is greater than unity, we can find a
-^ (x)

J

quantity p, greater than unity, such that x is always less

than Ciff (x). Hence the proposed scries is convergent.

In a similar manner it may be shewn that if the limit of

, , \ ,
when x is infinite, is less than unity, we can find a

"Y (as)
''

quantity p, less than unity, such that x* is always greater
than Cty (x}. Hence the proposed series is greater than a
certain divergent series, and is therefore itself divergent.

f
'

frf>\

II. Thus if the limit of L
;jjrA- , when x is infinite, is

either greater than unity or less than .unity, the nature of the
series is determined : but if this limit is unity, further investi-

gation is required*

Suppose, as x increases indefinitely from a certain value a,
1 C1

that -r-/~\ is always less than 77^7"^ ?
where G an'd p arc

constants, p being greater than unity; then the proposed
series is less than a certain series which is known to be

convergent by Art. 48 ; therefore the proposed series is con-

vergent.
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If
, , x is less than TT T-TT^, then \^(x)\ v is

<-s (X]
than

^ r '

, and, taking logarithms, we find that p is less

log
^

,
'

33 10
than r-YT-r ?

that is, > is less than

The limit of this expression when x is infinite is the same

as the limit of \(x) I-
y

.

'

iL Hence if the limit of

this last expression is greater than unity the proposed series

is convergent.

In a similar manner it may be shewn that if the limit

of the last expression is less than unity the proposed series

is divergent.

{SG *&* (3C' } I

III. If the limit of X (a;) \ 7 /> 1 \ , when x is in-

'.( fH J.

finite, is also unity, further investigation is required : the

general term of the proposed series may then be compared

with .
N

, , \T^-/yi A / I-YM 4 A i '> i L -P
*AJ /\> \jj T l\ \d-Sj f

Proceeding in this way we obtain the following result:

1 o4" 7-^ ... r^ *\ f/w} I f T^n,^ 1 i j-J sr A r 1** I ( r"^ -
..., 1 \ in /i

x\ju -*- n~~~" ~~~~r
^

r > j. - -^ /w i tX-1 j v j. n
J } 2

^^
\ J \ 1 J y ciJULVx

generally Pm=\
m

(x] (Pm_1 l}; and suppose that Pr is the

first of the terms P
,
JP

19
P

2 ,
... which has its limit, when x is

infinite, different from unity : then the proposed series is con-

vergent or divergent according as the limit ofPr is greater
than unity or less than unity.

We have supposed the general term of the series to be

denoted by -T-/-N ',
if it be denoted by % (x} we have to

put p:
instead of ^ (x) in the preceding result : hence

At \ /
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we find that Pn
= ^-M ,

and that this is the only modifi-

. ,
%(*)

cation required.

50. Another form may be given to the result. We know
by the Differential Calculus that % (^ + 1) -^ (#)=%' (23+ 0),
where & is some proper fraction. Hence

cell

therefore the limit, when # is infinite, of ,v 1S equal
vfaj)

u

f y(aO 1

to the limit of x \ 1 , ,

> \ . Thus we may put
J

J ^

1 f- in the result of Art. 49.

The theorems in Arts. 47, 48, and 49 have been derived

from De Morgan's Differential and Integral Caloulus ; there,

is a valuable memoir on the subject by Bertrand in the

seventh volume of the first series of Liouville's Journal de

MatMmatigues. An elementary demonstration of the theo-

rem of Art. 48 will also be found in the Algebra, Chapter
LYI.

51. [Required I log sin x dx,
Jo

By equation (3) of Art. 41,

/in-

^
riir /^ \ /"iff

log sin xdx =
I log sin

(
x }dx I log cos xdx,

J Jo \^ ' Jfl

flence, putting y for the required integral,

rlTr

2y = I (log sin a? + log cog x] dx
Jo

rjir

=
I log (sin

x cos x] dx
Jo

T. I. 0.
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sin 2sc ,- ^
J o

i-

=
| '{Iogsra2o;-log2]<&j
Jo

f**" . IT=
I Iogsin2a;&! -'TrlogS.

But putting -2x x', we have

,'far I"* i i T t

I log sin 2xdx = ^ log sin cfo
- o ^o

~ I log sin &?, by equation (4) of Art. 41
;

therefore tyy ^S ^>

therefore y = -
log

-
.

Again, J
ff

2

logsm0dd=J"(v-d)*logsin0d0, by equa-

tion (3) of Art. 41 ; therefore

therefore
f*0 log sin 0d0Z /"log sin ^ dff = ^ loo-

T

J ** Jo 2 2'

Required +^&. put^
becomes

;
but by equation (8) of Art 41
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V
r~z I?

therefore 2 1 log (1 + tan y]dy ~
log 2

;

, f
1
loff (1 4- ft) i ir i

therefore r^ 5-^ ax = log 2.

Jo l + x 8

See Cambridge Mathematical Journal, Vol. III. p. 168.

'\*' <

"
*

52. The remainder after w + 1 terms of the expansion
;
"

of <(a + 7^) in powers of A, may be expressed by a definite

integral. For let

2

I L2^

Differentiate with respect to #, then

Integrate Iboth members of this equation between the limits

and Ji
;
thus

that is,

M

Put a + A for a; and transpose; then

(a) +/if (a) +|f'(a) ......

Thus the excess of (a + Ji)
over the sum of the first n + 1

terms of its expansion by Taylor's Theorem is expressed by
the definite integral

1 f*
n n+1

|^J o

s 9 (fl l ~ z
)

52
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Bv means of the first result in Art. 40, we may put for

this definite integral

where is a proper fraction.

By means of the second result in Art 40, we may put for

this definite integral

i /"*

[n
Jo

wliere ^ is also a proper fraction.

53, Bernoulli's Series. By integration by parts we have

f < (x) dx &
<f> (as)

~
I os

<j> (x) das,

Th - l*AM/f cAM- rA'M
1.2

{3

Tliereforej

L? [n Jo
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This series on the right hand is called Bernoulli's series. In
ra

some cases this process might be of use in obtaining I <

(oo) doc\

for example, if <p (a?) be any rational algebraical function of

the (n l)
tu

degree, <" (as) is zero
;
or it might happen that

I c
n

<f>

n
(x) dec could be found more easily than / <

(as) die. Or

again, we may require only an approximate value of
ra ra,

\ <p (as)
dx and the integral I o&

n

<f>

n
(x) dx might be small

Jo Jo

enough to be neglected.

54. By adopting different methods of integrating a func-

tion, we may apparently sometimes arrive at different results.

But we know (Dif- Gale. Art. 102) that two functions which
have the same differential coefficient can only differ by a

constant, so that any two results which we obtain must either

be identical or differ by a constant. Take for example

I (ax + 1}} (dx + 1'} dx ;

integrate by parts, thus we obtain.

(a'x + V]
~

(ax + Wdx,

If we integrate by parts in another way, we can obtain

(dec + 5')
2

(ax + 5) a (dx + V?
2a' 6a'

2

Hence

(ax + If [3a {dx + ')
- a' (ax + )}

(a'so + I'}* |3a' (ax -^ V)
- a (a'x + 1'}}

'

.................. ..... - -
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can only differ by a constant Hence multiplying by 6aV8

we have

a'
a

(ax + 6)
2

{3a (ax + ')
- a

7

(ax + 1}}

where (7 is some constant. This might of course be verified

by common reduction. We may easily determine the value
of G; for since it is independent of so we may suppose

ass + 1) = 0, that is, a? =
;

then the left-hand member
Ck

becomes (ab
1

a'5)
3

,
which is consequently the value of (7.

Similarly from

I (asm + &) dx+ \(a'x + 5') do; =
[{(a

+ a] x + b + &'
J
c?a?

we infer

2a 2a

Multiply by 2aa' (a+ a'} and then determine the constant by
supposing so =

; thus we obtain the identity

a' (a+ a') (ax + 6)
2 + a (a + a') (a'a

= oa' {(a + a') x + &+ 5'}"-f (la
1

If we integrate a function between assigned limits the
result must be the same by whatever method we proceed;
and in this manner we may obtain various algebraical
identities.

f
1

Take for example / xm (l-x}
n
dx, where a is a positiveJ a

integer. We have, by integrating by parts ?

therefore
j

cc
w
(l- x}

ndx =-~ /"V*" (1
-
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Proceeding in this way we obtain

fed -xYdx = n(n-l}(n-2)..
Jo

( }
(m + l)(m + 2)...(in+

Again fV (1
-

a)
n
dfc = fell ~nx +

n fo-
Jo Jot 1.2

=_J _l__ + rcfo-i)__l ./
1V>m + l l'w+ 2 1.2 m + 3

"
^ '

Therefore the expressions on the right-hand side of (1)
and (2) are equal if n be any positive integer.

55. By I $ (x) dx we indicate the function of which $ (x)

is the differential coefficient
; suppose this to be ty (cc). Then

we may require the function of which ^ (x) is the differential

f /Y
coefficient, which we denote by I ty(x) dx, or by 1 1 <j>(x) dxdx,

J J J

and so on. For example, the integral of e
1"6

is y e*
a + G

ltK
where G

l
is a constant; the integral of this is

the integral of this is

where -
being still a constant may be denoted for simplicity

L

by B if we please. Proceeding thus we should find as the

result of integrating e
fa

successively for n times

where At ,
A

z ,
...... A n are constants.
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It is easy to express a repeated integral in terms of

simple integrals. For let u be any function of x
;
let

r T i '("-,, r 7 ,

M- J o//y/Y 1 A"f" *>/ * I t/ /rfy* m IP'f' of ~- I v/ //'y* *
. I MUjUj - JLt3 U Ufn

-
I fcfr- tli\J(S i JLtl U Ul *

I COn wUs *
1

J
2

J
1 8

J
2

and so on.

By integration by parts we have

17 I W1 OV,
-y

I
-y ,,--/ -y

rt/ I ni {"i <y* ^r^ Wlf -,_ 1 >T* - ffty* - - (V1 I /3//7 />* i

'

I <T*7/ //'T1 *

* I M^ U/X ^/ /-
^^

I A/ ^5 U/iX./
""- tt I IvU/uv I iAr (Ai UtJU2

J
x 1

J dx J
'

r 7 f( r r i
/

*
f rt/ f/ry* zzn \ J /y I -3//7O"* r-j^ I Wtl finf1 > ii*y *

u I WoUffcO 1 -
I S lA/ I LlllJ^ "-

1 U/tfr C&iX/ f U'li' .
a

J
2

J ( J J J
'

therefore by integration by parts,

~3 2

= ludx x \xu dx + -
\x*udx."J J 4J .

The general formula is

_.[ ,
\x

_. ,x \xudx-\-

+ (-l)
n

fx
n
udx,

^of
this formula

if we differentiat

formula with n I in place of .

The truth
^of

this formula may "be easily established by
induction

;
for if we differentiate both sides we obtain a similar
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1.

2.

MISCELLANEOUS EXAMPLES.

*y3f /*/'V* K TTnJj (JLfJ-f iJ it Uj

16
-

. (Assume x = a sinV.)

xdx

["(cf-e^dx ir<f f e*\
O. I ,,

.3 5^ -r II 1 .

J o V ^ ^
J * V */

4.

5. If
c/> (x] <p (a + x), shew that

/CD (X) CLX *~~* iL \ CD (*32) CLXt

.1 Jo

6. Shew that
I $(x}dx- / 4>(~-
J a AS J _6 V 2

7. Shew that I
--^-f- = ~ . (Change x into TT-X.)

J 1 + cosa; 4 v '

I* S&

8. Shew that I (2ax i vers
'

^
. (Change x into 2a

a?'.)

9. Find the limit when n is infinite of

1.1.1 .
1

V(w
s -28

)"
r

Result, -
.

2
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10. Find the limit when n is infinite of

IV / 2 V / 3 V~ + ~ + + ... to 2n terms

3 V

Result.

f|wl-
11. Find the limit when n is infinite of jSrf.

Result. -, (Take, the logarithm of the expression.)

tr

12. Shew that / log tan x dx = 0.
Jo

IT

/2"
sin x log sin or dx log 2 1.

J

If f (x) I>Q positive and finite from x a to x=
shew how to find the limit of

n-\
j, n

when w is infinite
;
and prove that the limit in ques-

1 f
a+B

tion is less than -
I f(x) das, assuming that the geo-

metric mean of a finite number of positive quantities
which are not all equal is less than the arithmetic.

/I
A*

udx
[

xieuce prove tnai e is less than I e
u
dx, unless u

J o

be constant from x to a = 1.
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fv
15. The value of the definite integral 1

2

log (l + n cos
2

6} dd
Jo

may be found whatever positive value is given to n
from the formula

log (1

where n, nv n
a , are quantities connected by the

equation

16. Shew that

f as -r
&* cos (ax <)

<?* cos ax dx - ^ ^- + a constant,
J (a + c

)

where tan< = -. Hence shew that if e cos ax be

integrated n times successively the result is

e
cx cos (ax w<^ ~ ~ ~

(7+ Cjt>+ G$? ...... + Gn

!_

17. Shew that the series of which~ the ntu term is an 1 is

divergent.

/ 1 \ Ct"t"

38. Shew that the series of which the nth term is f
-

) isW
convergent if a is greater than unity, and divergent
if a is not greater than unity.

19. Shew that the series of which the nth term is

p (p+a] (p + 2a) (p + na)

is convergent if
gr

is greater than p + a, and divergent
if g is not greater than p + a. See Art. 50.
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20. Suppose tliat tlie ratio of the (n + l)
th term of a series

to the nih
is equal to

where p is a positive integer, and A, JB, ... a, b, ... are

constants : shew that the series is convergent if a is

greater than A + l, and divergent if a is not greater
than A + l.

21. Let A\uz

dx, B=luvdx, C\vz dx
:
and suppose

the limits of the integration the same in ,the three in-

tegrals ; then shew that A is never less than .5
2
.

[Consider each integral as the limit of a certain

summation
;
then the Example depends on the known

algebraical theorem, that

is never less than
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CHAPTEE V.

DOUBLE INTEGRATION.

56. LET
(f> (x) denote any function of x

;
then we have

seen that the integral of $ (x) is a quantity u such that

-=^=
<j) (x).

The integral may also Ibe regarded as the limit
CtO&

of a certain sum (see Arts. 2... 6), and hence is derived the
r

symbol I
<f> (x} dx by which the integral is denoted. We

now proceed to extend these conceptions of an integral to

cases where we have more than one independent variable.

57. Suppose we have to find the value of u which satis-

d?u
fies the equation , , = < (x, y) t

where < (x, y] is a function

of the independent variables x and y. The equation may be

written

d du

or ^=x: y }

if v ^ . Thus i) must be a function such that if we differ-

dx
entiate it with respect to y, considering x as constant, the

result will be
</> (x, y), We may therefore put

that is,
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Hence u must be such a function that if we differentiate it

with respect to x, considering y constant, the result will be
r

the function denoted by j
<

(as, y} dy. Hence

dx.

The method of obtaining u may be described by saying
that we first integrate <f> (x, y} with respect to y, and then

integrate the result with respect to x.

The above expression for u may be more concisely written

thus,

ff rr
1 1

<p (x, y] dy dx, or 1 1
<p (x, y) dx dy.

J J J J

On this point of notation writers are not quite uniform
;
we

shall in the present work adopt the latter form, that is, of the

two symbols dx and dy we shall put dy to the right, when we
consider the integration with respect to y performed before the

integration with respect to x, and vice versa.

58. We might find u by integrating first with respect to

x and then with respect to y ;
this process would be indicated

by the equation

(x, y} dy dx.

59. Since we have thus two methods of finding u from the

equation , , =
<j> (x, y}, it will be desirable to investigate if

more than one result can be obtained. Suppose then that u^
and u

z
are two functions either of which when put for u satis-

fies the given equation, so that

d> u, , , \ - d un , , ^

and

We have, by subtraction,

_d\___d\ __

dx dy dxdy~
'

d /dv
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Now from an equation -y- = we infer that w must be a

constant, that is, must be a constant so far as relates to x
;
in

other words, w cannot be a function of #, but may be a func-

tion of any other variable which occurs in the question we arc

considering.

Thus from the equation -7- (-=-) = 6 we infer that -=-
ax \dyj dy

cannot be a function of so, but may be any arbitrary function

of y. Thus we may put

dv ,.
N

Ty
-/W-

By integration we deduce

r

v = I f (y) dy + constant.
J

Here the constant, as we call it, must not contain y, but

f

may contain x; we may denote it by %(#). And \f(y)dy
J

we will denote by ty (y} ;
thus finally

Therefore two values of u which satisfy the equation
dzu- - =

(x, y] can only differ by the sum of two arbitrary
ti/x cty

functions, one of x only and the other of y only.

60. We shall now shew the connexion between double

integration and summation. Let < (x, y} be a function of x
and

2/5
which remains finite and continuous so long as x lies

between the fixed values a and Z>,
and y between the fixed

values a and p. Let a, x
lf

x
z ,

...... xn_1} I be a series of

quantities in order of magnitude; also let a, y1? y2 , .......y^^ /3

be another series of quantities in order of magnitude.

Let x
1

a = h
1 ,

x
z

x
1
= h

z ,
......... 5 xn_t hn ;

also let ~a = 7c, ~/ =^ ........./3~ym-i
= ^m-
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We propose now to find the limit of the sum of a certain

series in which every term is of the form

where r takes all integral values between 1 and n inclusive,
and s takes all integral values between I and m inclusive; and

ultimately m and n are to be supposed infinite
j
also x and

yQ are to be considered equivalent to a and a respectively.
Thus we may take hk<p (x, y) as the type of the terms we
wish to sum, or we may take Aa?

A^/0 (a?, y] as a still more

expressive symbol. The series then is

) + k
2 $ (

, a) + &
2

<

, a) + /J
2 ^ K_15 yj + ......... -1- 7^^ (a>n_15 y^JJ.

Consider one of the horizontal rows of terms which wo
may write

The limit of the series within the brackets when Je
l} Jc. ,.. Jc

are indefinitely diminished is, by Art. 3,

>
(
XT, y] dij.

Since this is the limit of the series, we may suppose 'the
series itself equal to

where pr+1 ultimately vanishes.

Let
j^

< fa, y) dy be denoted by f fa) then add all the

horizontal rows and we obtain a result which we may do-
note by

J
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Now diminish indefinitely each term of which h is the type,
then 2,hp vanishes, and we have finally

|r (a;)
dx

i

r
6 (f

3
}

that is, M <f)fay)dy\dx.
I a [< a J

This is more concisely written,

rb rp

<f> fay) dots dy,
J aJ a

dy being placed to the right of dx because the integration is

performed first with respect to y.

61. We may again remind the student that writers are

not all agreed as to the notation for double integrals. Thus

njS $ (x, y) dx dy to imply the following order of
*

operations : integrate < fa y) with respect to y between the

limits a and /3 ;
then integrate the result with respect to x

between the limits a and 5. Some writers would denote the

same order of operations by I I
<f> (x, y) dy dx,

J aJ a.

62. We might have found the limit of the sum in Art. 60

by first taking all the terms in one vertical column, and then

taking all the columns. In this way we should obtain as the

rp r& i

sum <& fa y) dy dx ;
and consequently

(ir, y}dydx=\ \
$ fa y} dxdy.

,
J J *

The identity of these two expressions may also be esta-

blished by the aid of Art. 59, as we will now shew.

Let Ffa y) denote the integral of
<f> fa y) with respect to

y, supposing x constant; and let ffa y} denote the integral

of Ffa y) with respect to x supposing y constant. Inen

T.LC.
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, ft]
- F(x, a)} dx

/*

= / F(x, fi)dx

(, a) ...... (1).

Now let us first integrate (a?, T/)
with respect to

, sup-

posing y constant, and then integrate the result with respect

to y, supposing x constant; l&tf^x, y} denote the final result.

Then we obtain

f / V fo ^ dy &*=/& ft) -/xPi a) -/(a, /S) +/>, a) ... (2).
- a - a

But, by Art. 59,

wliere ^r (y) is some function of y without x, and % (x-) is

some function of x without y. By making use of
(tt)

we
shall find that the right-hand member of (2) reduces to the

right-hand member of (l).

63. Hitherto we have integrated both with respect to x
and y between constant limits

;
in applications of double

integration, however, the limits in the first integration arc
often functions of the other variable. Thus, for example, the

fb f$(X)

symbol I I <$>(x} y} dxdy will denote the following opera-
JaJtfsc) _

X

tions : first integrate with respect to y considering as constant
;

suppose F(x>y] to be the integral; then by taking the in-

tegral between the assigned limits we have the result

We have finaEy to obtain the integral indicated by

+ (x)}-Fx, x dx.

The only difference which is required in the summafcory
process of Art. 60 is, that the quantities a, y #...?/_ Y will
not have the same meaning in each horizontal row. In the
(r+ 1;

a
row, for example, that is, in .
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we must consider a as standing for %(*,.), and y^yz , ...... as a

series of quantities, such that %(#r), y^ y2 ,
......ym_^ ^(osr),

are in order of magnitude, and that the difference between any
consecutive two ultimately vanishes. Hence, proceeding as

before, we get I <p(osr) y] dy for the limit of the sum of the
J *()

terms in the (r + l)
th row.

64. It is not necessary to suppose the same number of

terms in all the horizontal rows
;
for m is ultimately made

indefinitely great, so that we obtain the same expression for

the limit of the (r + l)
th row whatever may be the number of

terms with which we start.

\

65. When the limits in the first integration are functions

of the other variable we cannot perform the integrations in a

different order, as in Art. 62, without special investigation to

determine what the limits will then be. This question will

be considered in a subsequent Chapter.

66. From the definition of double integration, it follows

that when the limits of both integrations are constant,

supposing that the limits in I ^ (?/) dy are the same as in the

integration with respect to y in the left-hand member, and the
r

limits in / < (x) dx the same as in the integration with respect

to x in the left-hand member. For the left-hand member is

the limit of the sum of a series of terms, such as

and the right-hand member is the limit of the product of

W fo) + 7?'

2
< (X) + 7?

"3< fa) ......+^ fa~J>

and 7c,f (y ) + 7<y^ (?/,) + le$ (ya) ......+ &mf(y^).

62
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67. The reader will now be able to extend the processes

given in this Chapter to triple integrals and to
multiple

integrals generally. The symbol

f
ft rK /*u/ w * j

\ / /
cb (x. y, z) ax ay as

J * L, h-J SO J 'JO J bO

will indicate that the following series of operations must bo,

performed: integrate <j>(x, y, 2} with respect to z between the
limits

"

and
t considering x and y constant

;
next integrate

the result with respect to y between the limits ij and 77 con-

sidering x constant
; lastly integrate this result with respect

to a? Between the limits ^ and . Here and
'

may bo
functions of both x and y ; and % and % may be functions
of x. This triple integral is the limit of a certain scries
which may be denoted by S< (x, y, z) Ax Ay As.

MISCELLANEOUS EXAMPLES.

Obtain the following eight integrals.

Result, sin
1
*.

Hcsult. cc +
(a- 5) (a

-
) (i_ a i

2(m
a

~.a)

/- ^^ / 1

jZJF+tf*-

fiesult. ~~
1OR ~_. **

" ^a'""
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5. I sec x sec %x dx.

Result. log ,,, .
-

tan a tan x ,

tan a + tan a?

Result, sin 2a log sin (a + x) x cos 2a.

7.

j aj" -i- a~x~ + a"

^2
, ,

,
, ^

Besult. -r, loff -5
--

2 + n . tan -rr
4aJ ta

a;-
3 - 2 3 ^

a? m a , .

8. rrH 7 ^-7 2vT CPut
- + oa; = v.)2-~ 2 - ^ ^^

Result, cos" .,

V(c

9. Find the limit when n is infinite of

i_

. TT . 2vr . STT . WTT Trlw ,.. T 1
sin sm sin ...... sin- > . Result. ~

n n n n
) 2

10. Shew that

f

11. Shew that

12. ~LQiA = \\u*dxdy, B= uvdosdy, C= v
J v J J J J

and suppose the limits of the integrations the same in the

three integrals ;
then shew that A is never less than Bz

.

(See Example 21 at the end of Chapter IV.)
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ra

IS. If I <f>(z)dz is equal to unity, and (f>(z) is a
J b

positive, shew that

a
a \a / ra \a

_

<p(z) cosczdz 1 4-
(

/ <$>(%) sincs&J is less tlisvn
unitj.

> / \J 6 /

(See History of...Probability, page 564.)

fa

14. If
I

<j}(z)ds is equal to unity, and
<f>(.z) is always

positive, shew that

f
ffl

> / f
a

^
^

I s-?$(z}dz~{ \ %$()dz} is positive.
- 5 V J J /

(See History of... Probability, page 566.)
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CHAPTER VI.

LENGTHS OF CUBVBS.

Plane Curves. Rectangular co-ordinates.

68. Let P be any point on the curve APQ, and let oa, y
be its co-ordinates ; let s denote the length of the arc AP
measured from a fixed point A up to P

;

O 0!

then (Dif. Cat. Art. 307)

ds

dx

Hence s

ohf
From the equation to the curve we may express in

terms of
so,

and thus by integration s "becomes known.

69. The process of finding the length of a curve is called

the rectification of the curve, because we may suppose the

question to be this: find a right line equal in length to any
assigned portion of the curve.



CQ LENGTHS OF CURVES.

In the preceding Article we have shewn that the length of

a- arc of a curve will be known if a certain integral can be

opined. It may happen in many cases that this integral

cannot be obtained. Whenever the length of an arc of a

curve can be expressed in terms of one or both of the co-

ordinates of the variable extremity of the arc, the curve is

-aid to be reciifidble.

70. Application to ilie Parabola.

The equation to the parabola is y*J(kax}\ hence

x

tans *-(*/()* (See Ex. 6, p. .19.)
J y \ X /

= */(ax + xz

] + a log [\fx + \/(a + x)}+ G.

Here C denotes some constant quantity, that is, some quan-
tity which does not depend upon x:, its value will depend
lipan the position of the fixed point from which the arc s is

measured. If we measure from the vertex, then s vanishes
vrith x : hence to determine C we have

67=0;

and thus a= \/(ax+ x2

) + a log [*/x + ^(a + %}}
- a log */a

i/ , s\ , 7 V* 4- \f(d 4- ah
4/(a!c.+ ar)+a log

- ^ - -
A/^

^
If then we require the length of the curve measured from

tae vertex to the point which Las any assigned abscissa we
imve only to put that assigned abscissa for x in the last
expression. Thus, for example, for an extremity of the
Jafus rectum x = a- hence the length of the are betweenthe vertex and one extremity of the ktns rectum is

a*/2 + a log (1

tlie

co

portions of curves this is not necessary

o n theof
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For suppose it required to find the length of the arc of a

curve measured from the point whose abscissa is x
l up to the

point whose abscissa is x
z
.. Let ty(x) denote the integral of

" "^
( j ) I

'
an<^ ^e* S

i
anĉ S

2
^ e ^ne lengths of arcs of the

curve measured from any fixed point up to the points .whose

abscissas are x
:
and x

z respectively, so that s
2

s
t

is the

required length ;
then

=
ty (x) + G;

lience

therefore

Hence to find the required length we have to put x
1
and o?2

successively for x in ty(x) and subtract, the first result from

the second. Thus we need not take any notice of the constant

C; in fact our result may be written
"

,

1 + J
dx

72. Application to the Cycloid.

In the cycloid, if the origin be at the vertex and the axis

of y the tangent at that point, we have (Dif. Gal. Art. 358)

ds

dx

therefore G.

The constant will be zero if we.measure the arc s from the

vertex.

Conversely if s = V (8ax] + G we .
infer that the curve is a

cycloid. And more generally if we have

where A, S, G1}
and <7

a
are constants, we infer that the curve
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is a cycloid. For "by suitable changes in the origin and
axes the last equation can "be put in the form

73. Application to the Catenary.

c ~ --

The equation to the catenary is y = -
(e

c + e~K \'} hence

- -~ - -
thus s= l (e

c + e ) dx= ~(e
e - e c

) + C.
J - 2

^

The constant will be zero if we measure the arc s from the

point for which x 0.

74. Application to the Curve given Tiy the equation

Here
dx

,-,

thus

_

The constant will be zero if we measure the arc from the

point for which x = 0. The curve is an hypocycloid in which
the radius of the revolving circle is one-fourth of the radius of

the fixed circle. /See JDif. Cat Art. 360, and-put I =

75. In the same way as the result in Art. 68 is olbtained
we may shew that

s=.
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Or we may derive this result from the former thus
;

1 +$}'}<&>= [A /h +
\dxj j JV (

//7rN2

l + (fw
From the equation to the curve we may express -j- in

terms of y, and thus by integration s becomes known. In
some cases this formula may be more convenient than that in

Art 68.

76. Application to the Logarithmic Curve.

w

The equation to this curve is y la?, or y = 5e7 if we
11

suppose a = e
c

;
thus x c log j- ,

therefore

andand

~
dy

The latter integral is former is

Hence a = c log

77. If J and y are each functions of a third variable t
}

we have (Dif. Gal. Art. 307)

thus
at
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0?

'

if
78. The equation to the ellipse is -g + j

= 1. We maj
therefore assume oo = a sin <, # = & cos

(56,
so that < is the

complement of the esccentric angle (Plane Co-ordinate Geo-

metry, Art. 168). Therefore, by the preceding Article,

ds
- =

A/ (a
2
cos

2
< + 5

2
sin

2

(56),

and 5= a
2
cos

2
6-f-Z>

2
sin

2
< = a Vl - e

3
sin

The exact integral cannot be obtained; we may however

expand A/(! e
2
sin

2

<) in a series, so that

and each term can be integrated separately. To obtain the

length of the elliptic quadrant we must integrate between the
TT

limits and .

Plane Curves. Polar Co-ordinates.

79. Let r, be the polar co-ordinates of any point of

a curve, and s the length of the arc measured from any fixed

point up to this point; then (Dif- Gal. Art. 311)

// 2 4- (^
~c$

~~ V ( \d~6j

/ //

hence s

80. Application to the Spiral of Archimedes.

rjry*
.

In this curve r = aO, thus -=^
= a

;

d"

hence s = L/(V
2 + a2

) ^ = a fv(l + ^
2

) ?0

=Y^ + 6^ + f

The constant will be zero if we measure the arc s from the

pole, that is, from the point where 6 = 0.



LENGTHS OP CURVES.

81. Application to the Cardioide.

The equation to this curve is r = a (1 + cos 0) ;
thus

n

a
2

(l + cos 6>)

2 + a
2
sin

2

0} ^ = aV(2 + 2 cos 6} dd

= 2a cos-a$ = 4asin- + G.

The constant will be zero if we measure the arc s from the

point for which 6 = 0, that is, from the point where the curve

crosses the initial line.

The
'

length of that part of the curve which is comprised

between the initial line and a line through the.pole at right

angles to the initial line is 4a sin - . The length of half the

perimeter of the curve is 4a sin -
,
that is, 4<z. / H

82. Suppose we require the length of the complete peri-

meter of the cardioide; we might at first suppose that it

would be equal to 2a cos - dd
;
but this would give zero as

'o
. .

the result, which is obviously inadmissible. The reason of

this may be easily seen ;
we have in fact shewn that

and this ought not to be put equal to 2a cos - but to 2a cos -
,

a ~ A

and the proper sign should be determined in any application
of the formula. Now by s we understand a positive quantity,
and we may measure s so that it increases with 6, and thus

J3 is positive. Hence when cos - is positive, we take the
da ' -a

'

j * <& e
^

e
upper sign and put

- = 2a cos -
;
when cos - is negative, we

CLv A A
3 f\

take the lower sign and put
- = 2a cos - . Hence the
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f
2*" 9

length of the complete perimeter is not 2a cos -
dd, but

J ^

f"
1

d f
2*" 6

2a I cos -dd- 2a cos - dd, that is, Sa. This result might
^ w

have "been anticipated, for it will be obvious from the 'sym-

metry of the figure that the length of the complete perimeter
is double the length of the part which is situated on one side

of the initial line, and this was shewn to be 4 in the preced-

ing Article.

83. It may sometimes be more convenient to find the

length of a curve from the formula

which follows immediately from that in Art. 79.

84 Application to the Logarithmic Spiral.

e

The equation to this curve is r ba6
,
or r be if we sup-

i r dd c
pose a e

c
: thus 6 ~ c log f : therefore -r = - and

o dr r

c^r + G.

Thus the length of the portion of the curve which has r
and r

z
for the radii vectores of its extreme points is

C
r
s

V(l + c
2

) dr, that is, V(l + c
2

) (r,
~ r

).
J n

The angle between the radius vector and the corresponding
tangent at any point of this curve is constant (Dif. Gal. Art.

354) ; and if that angle be denoted by a we have c = tan a
;

thus V(l+ c
2

)
= sec a

; therefore 7-= sec a, and s = r sec a + C.

Hence
(r2
-

rj sec a is the length of the portion mentioned
above.



LENGTHS 01? CURVES. 95

Formulas invoicing the radius vector and perpendicular,

85. Let
(j>

"be the angle "between the radius vector r of

\y point of a curve and the tangent at that point; then

>s < =
> (l)if* Gal. Art. 310). Let p be the perpendicular

om the pole on the same tangent; then

i P 4i r ,

sin (b , therefore cos rf> =
' r

1US

creforo and

8(5.
.Ap<))lic.(tt,ion

to the Epicycloid,

With the notation and figure in Dif. Oal Ajt. 3GO, it may
e shown that the equation to the tangent to the epiejcloi'd

A + 5 /,
COH ^ eos -,

* /\ (/, (y

Hill (/ Bill ":---

rhtti'O : and, ?/ arc the co-ordinates of P, and x' and ?/' tlie

ariahlt", eo-onliualx^H. Ilcsnee it will l>e found that the per-

endicularp from the origin on the tangent at Pis given by

/ , n7\ a
(a + 26) sin

;

Iso

UUH

lence, l>y Art 85,

,
, ;/

,
where c = a + M,

1"

T(t
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At a cusp r = a, and at a vertex r = c thus the length of

the portion of the curve between a cusp and the adjacent
vertex is

V(c
2 -a2

)f rdr ., . . c
2-a2

.,
. . 4b(a-

"TT5
-

57 >
that is- , that is -

a JaV(c-r')' a a

Hence the length of the portion "between two consecutive cusps

87, A remark may be made here similar to that in

Art 82. If we apply the formula

to find the length between two consecutive cusps, we arrive

at the result zero, since r = a at both limits. The reason is

that we have Used the formula

Since s may be taken to increase continually, it follows that
ds . . . , . . . , .

-7- is positive when r is increasing, and negative when r is

diminishing. Now in passing along the curve from a cusp to

the adjacent vertex r increases, thus y is positive, and we

should take the upper sign in the formula for -,-: then in
dr .

passing from the vertex to the next cusp r diminishes, thus
sy &

~r is negative, and the lower sign must be taken. Hence the

length from one cusp to the ne'xt cusp
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rdr

88. From what is stated in the preceding Article, it ap-

pears that if the arc s begin at a vertex the proper formula is

ds V(c
2 -a2

)
r ...'' :

' "
_

dr a V

rdrA *
therefore * =---

No constant is required since we begin to measure at the

point for which r = c; the formula holds for values of s less

. 4&(a + Z) D -\ ..
.. , ..:'';.*..-','

than ---
. -' .

"
*-"/*

-
fl

-
,-

a . (

It may be observed that thus
''

.

89. Similarly for the hypocycloid we may shew that

2 r
2

)

5-^-'. where c = a 25,
.

f a"- c"

Suppose c
8
less than a2

;
then we may shew that

7 t / 2 2\ M a

uS Y (Q> C J
v

,

^J* ft V v ^
/

and thus s may be found. The length of the curve between

two adjacent cusps is .

Next suppose c
2

greater than a2
;
then we should write

the value of -7- thus,
dr

T.I.C.
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in this case i. g-te, to . *

of the euvve between two adjacent cusps to be

-y--
-

, __ o and =
;
in this case tlie

When fl = 2& we have-c
oinciding with a dia-

hypocycloid
becomes a stiaigiii

meter of the fixed circle.
. .

'

m
, T _

ffl
a.

in this case the denominator m

ae^uTof/^Sh^ "fwill be found that the Uypoe,-

cloid i th^n feduced to a punt,
and r - *

t 88, that if s be measured from

adjacent cusp, We ha.e

\A*

the upper or lower sign being taken according as o is greater

or less than a.

Formulas involving the Perpendicular
and its Inclination,

90. Another method of expressing
the length of a curve

is worthy of notice.

Let P be a point in a cdrve ; x, y its co-ordinates. Lot, a

be the length of the ax,</nieastired from a fixed point A up

to P. Draw Y a perpendicular
from the origin on the

tangent at P, suppose OT^jo, PT=u, Y0x**8; then
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, 95
-

.

!

, f ;
J

'

..
-

p x cos + y sin d,

'

; x
u = x sin 6 y cos 0, ,

-

J ""

,

......._.

dy
-

ds~--
. -y- = cosec

doa dx
therefore

J ~ - a; sin + y cos 6 + cos ~ + sin ^ =

dx ds

aB
-

1 , +
j

therefore, "by integration,

therefore s = -^ + I pd6 ;dv J-r
'

this may also "be written
r

5 + u = I pdO.

Suppose s
i
and u^ the values of s and u when # has the

value <9
13
and s

2
arid u

t
their values when ^ has the value 9^ then

We have measured u in the direction of revolution from P
and have taken it as positive in this case

;
when u is negative

it will indicate that Y is on the other side of P.
The preceding results may be used for different purposes,

among whicli two may be noticed.

(1) To determine the length of any portion of a curve
when the equation to the curve is given; for from that'equa-

cull

tion together with -*- = cot 6 we can find x and y in terms

of 6, and therefore p which is equal to x cos +-y sin d
; then

s may be found from the equation

72
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(2) To find a curve such, that by means of its arc a
pro-

posed integral may be represented j
for if the proposed inte-

/

gral be pdd, wherep is a function of 0, the required curve is

found by eliminating between the equations
.

.

a dP -' i -- - a , dp

f)

and then the integral may be represented by s -^ .

This Article has been derived from Hymers's Integral

Calculus, Art. 136.

91. The results of the preceding Article may be obtained

in another way. Let p denote the radius of curvature of the

y\

curve at P; let OJPr, and let s, w, and Q have the same

meaning as before, then from the Differential Calculus we
have

ds , dr ., .,. dp ' dv
P = -7/1 an<i P r T~ >

therefore -JT\~T-J-,r do dp do as

Also
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therefore
~j^
= PY=~u.

Let PC be the radius of curvature at P
;
draw Q perpen-

dicular to PC. The locus of G is the evolute of the curve

AP; and QQ is with respect to this locus what PY is with

respect to the locus of P. Let &', p be the polar co-ordi-

nates of Q, and let QOu'; then

AndAncl

Also

-&

-u'--- dp
'--^---^-tt- - - ~

dff*

but
~~lfl>

therefore s ~~^+ Ipdd.

From the value of P!F we can obtain an easy proof of a

theorem of some interest in the Differential Calculus (Dvf.,

Gal. Art. 329). Let^ denote the perpendicular from on'

the locus of Y; then (Dif. Cal Art. 284) .

;

since'p is the radius vector of Y. Thus

therefore ^i = r

A particular case of the formula

-u^f *pd6

hould be noticed. Suppose we take a complete oval curve

without singular points : then & 0. + 27T, and u = u. ; thusr
/ /ra^an-

the complete perimeter of the curve is / pdd.
J 6, .'.'
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92. Application to the Ellipse.

'

C A
Let APB be a quadrant of an ellipse, CvTthe porpciidicn-

lar on the tangent at P\ \QtAGY-0. Then (Plane Co-

ordinate Geometry, Art. 196) GYa*/(\ -train
2

6}

therefore AP+ PY= a fj(l
- e

2
sin

2

6) dd,
'.'-":

the constant to be added to the integral is supposed to be sty

taken that the integral may vanish with 0. It' R be a point

sucli that its eccentric angle is 0, we have, by Art. 78,M

thus

And e2 s ^n ^ cos

Let x be the abscissa of P; then by Art. 90,

/> 3-P - *
r =p cos 9 -fa sin 6

CLu

= a*J(l ~&* sin
2

,0) cos 9 +

Thus PTWccsin 0; and if a- be the abscissa ofR wo have,

^'= a cos
(I- 0)

So that PF=^. Thus (1) may be written

this result is called Fagnani's Theorem.
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From the ascertained values of x and so' we have

therefore eVce" - a2

(x" + -*'
2

) + a4 = 0.

Thus the equation which connects x and x' involves these

quantities symmetrically; hence from (2) we can infer that

2

This ia also obvious from the figure.

We may observe- that the value of PY may be obtained

more simply by moans of a known property of the ellipse.

For suppose the normal at P to bo drawn meeting GA at 6?;

and through P draw a straight line parallel to GA meeting GY
at Q, Then PQ = CC/- = 1!

.'C, by the nature of the ellipse ;
and

PY=PQ sin 9 e'
J
a; sin 0,

03. Application to tliG Hyperbola.

Lot 6Y bo the centre and .4 the vertex of an hyperbola,
GY the perpendicular on the tangent at P. Let ACY0
and C'):

r= p; then it; may be proved that

aw (I d* sin* 6} d&
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This may be proved in the same manner as the corresponding
result of the preceding Article; we may either make the

requisite changes of sign in the formulas of Art. 90, which
:a-e produced by difference of figure; or we may begin from the

Beginning again in the manner of that Article. The constant
I'.* be added to the integral is supposed to be so taken that the

integral may vanish with #. _,.;','

Suppose a the greatest value which 6 can have, then
'Plane Co-ordinate Geometry, Art. 257) cot a V (e

a

1).
"When P moves off to an infinite distance PY AP becomes
the difference between the length of the asymptote from
;;: ;d the infinite hyperbolic arc from A. I'lius this differ-

'

cnee s

Inverse questions on tJie lengths of Curves.

i
84. In the preceding Articles we have shewn Low the

:;?tf
th
f a

.

n ** of a known curve is to be. found in torms,1 the abscissa of its variable extremity; wo will now brio ynot ce the inverse problem, to find a curve such that tho aa gV6n ^ f the atscis ofits

Suppose cj> (a) the given function
; then s = (f>(x)->

therefore 0J*^ i; dx

and

As an example of the
preceding method, suppose

Cto); thus ^W _ /. U
v M3
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"dx= ;
---'

a
-

' xdx

C 2.73

\/(Vw; ar) + vcra""
1

""/ -I- (J.

a

We may write ?/ for
?/ uud- thus wo find that tlie

curve is a cycloid. (Dif- (ktl. Art J558.)

0(5. For another example suppose </>()
= a log x ; thus

C?'

.Hero

an

07, Wo may express the length of an arc of a curve with-

out integration when wo know the equation to the involute of

llio curves. Suppose.
'

to reprenent tlio
le.n^th

of
nn^irc

of a

curve, p the radius of curvature, at that point of the involute

which corresponds to the variable extreniify of .</, tlion (Dif.'

Oal Art 8,'U) s' p~l, whe,re I is a, constant.
^

If tlio equa-
tion to the involute is known, p can he found informs of the

co-ordinate.a of the point in the involute; then these co-ordi-

nates can 1)0 expressed in terms of the co-ordinates of the

corresponding point of the evolute, and thus a' is known.

'By tins method wo have to perform the processes of differen-

tiation and algebraical reduction instead of integration.
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98. Application to the Evolute of the Parabola.

Take for the involute the parabola which has for its equa-
tion y

z = 'Lax\ let so', y' be the co-ordinates of the point of
the evolute which corresponds to the point (x, y] on the para-
bola. Then by the ordinary methods (Dif. Gal. Art. 330) we
have

and p=

Thus we shall obtain for the equation to the evolute

,

and

/^' _i_ />\

therefore 5
'

+ 2a (Jl )~
oa J

Suppose we measure s' from the point for which xr
=s 2a,

that is, from the point which corresponds to the vertex of the

parabola ;
then we see that s' increases with cc'

}
so that we

must take the lower sign in the last equation ;
also by sup-

posing os 2a and s' = we find 1= 2a
;
thus

3a
2a.

This value of s' may also be obtained by the application of

the ordinary method of integration.

99. When the length of the arc of a curve is known in.

terms of the co-ordinates of its variable extremity, the equa-
tion to the involute can be found by the ordinary processes
of elimination.

For we have (Dif. Gal. Art. 331)

^L
dx __

I ds

x' x ~
p dx '

4- ..
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where the accented letters refer to a point in a curve, and the

unaccented letters to the corresponding point in the involute.

Thus

Similarly y y' + p -j-f (2) .

If then s' is known in terms of x, or of y, or of both, by
means of this relation and the known equation to the curve

dx dy'
we may find -5-7 and 4^- ;

and p is known from the equation

s
'

q: p
= I, It only remains then to eliminate of and y from

(1) and (2) and the known equation to the curve
;
we obtain

thus an equation between x and y, which is the required

equation to the involute.

100. Application to the Catenary.

The equation to the catenary is

1

-". * *

supposing s measured from the point for which x' = and

y'
= c; we shall now find the equation to that involute to

the catenary which "begins at the point of the curve just

specified.

_^_ ^
dx c

'

dx c

dy _ s' dx' _ c

and p
=

s', no constant being required, because by supposition

p vanishes with s'.
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K

Hence equations (1) and (2) of the preceding Article become

sc

And

therefore

thus a? = a?' - V(c
2 -

/) ;
therefore x V(c

2 - /) + #

We have then .to substitute these values of x
f

and y in the

equation to the catenary, and thus obtain the required rela-;

tion between x and y. The substitution may be conveniently'

performed thus,

G
therefore. v%'

2- c
2

)
=
^ (e

a

-e~);
2i

y!

therefore y + A/(?/'

2 - c
a

)
= ce% ,

41 f , ^ ytherefore x = G log
^

Thus finally, a 4- V(c
2 -

S/

2

)
= c log

kx---'"This curve is called the tractory ; on account of the radi-

cal, there are tw7>values of x for every value of y less than c,
:

these two values being numerically equal, but of pppositei'
1

signs. There is a cusp at the point for which x = and

y = c
;
and the axis of x is an asymptote.

'

"

101. The polar formulae may also be, used in like manner
to determine the involute when the length of an arc of the

evolute can be expressed in terms of the polar co-ordinates of'

its variable extremity. We have (Dif. Gal. Art. 332)

\o- r
/2 = p

3+ ^-2^ ..................... (1),

/\
.....

/ 2 =r2~/ ............. - .............. (2),
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Here, as before, the accented letters belong to the known
curve, that is, to the evolute, and the unaccented letters to the

required involute
;
thus since the evolute is known, there is a-

known relation between p' and r. And s + p l, so that if

s can be expressed in terms of p and r we may eliminate

p and / by means of (1), (2), and the known relation between

p and /. Thus we obtain an equation connecting <p
and r,

which serves to determine the involute.

102. Application to the Equiangular Spiral,

In this curve p'
= r sin a, where a is the constant angle of

the spiral. If we suppose the involute to begin' from the

pole of the spiral, and s' to be measured from that point, we
have p

= s' = r'seca (Art. 84). Thus (I) of the preceding
Article becomes

scc a

- r'
2
sec

2
a + r'

2
sin

2 a +p
s -

%r'p sec a, by (2).

From this quadratic for j we obtain

p r' scc a = r' cos a.

Tf j. i j.V

'

r- i r'(l+cos
8
a) .

It we take the upper sign we mid w = ---- --- -
, andii o COS a

1 + 3 cos
2

ct

then from (2) we find r
2= -

^ r
'2

- But this solution
cos a

must be rejected, because from it we should find p or

dr 1 + 8 cos
8 a , ,. , . . .

, , .., ',,

r-j- = ,-;-- Q\T, which is inconsistent with the
dp cos a (1 + cos a) .^,, * * /.* .

\
/

I I >'!,"
equation p r scc a.

'

t . ,

^ :

' r
"

T
(l

;
"

,

; '

-

* ' I'-:,' VvS '

, f.
'"

>. y ain a
If we take the lower sign we find p = -

"

-, and then
L cos a '

.

r'
2
sin

8
a

from (2) we find r
s =

9 -: thus = rsina. Hence the
s '

.cos a -^

involute is an equiangular spiral with the same constant

angle as the evolute has,
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Intrinsic Equation to a Curve.

103. Let s denote the length of an arc of a curve measured

from some fixed point, < the inclination of the tangent at the

variable extremity to the tangent at some fixed point of the

curve ;
then the -equation which determines the relation

between s and
c/>

is- called the intrinsic equation to the curve',

In some investigations, especially those relating to involutes

and evolutes, this method of determining a curve is simpler
than the ordinary method of referring the curve to rectangular
axes which are extrinsic lines.

104 We will first shew how the intrinsic equation may
be obtained from the ordinary equation.

Suppose y=f(x} the equation to a curve, the origin

being a point on the curve, and the axis of y a tangent at that

point ;
from the given equation we have

|=/>)~J^ by hypothesis;

thus x is known in terms of tan <, say x F(tnn <$>} ; then

_ /To

also - = cosec

Ttlf /J. J \ S /

~rr-tf (tan <pj
sec <pcoscca>;

from this equation s may be found in terms of <A by info
tion. A,similar result will be obtained if at the origin the
axis of aj be the axis which we suppose to coincide 'with u
tangent.

105. Application to the Cycloid.

By Dif. Gal Art. 358, we have > :

,

^

<%_. fpa-x
dx~\/ (~lc tan'r/)

5

'
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therefore =
. a , ,

x 2a sin
2
6.

as sin
2

<f>

Y '

dx .

-JT = 4a sin
(p

cos 9,

Js
,
dx

therefore s = 4a sin
</>
+ (7.

The constant will "be zero if we suppose s measured from
the fixed point where the first tangent is drawn, that is, from
the vertex of the curve.

;
106. Having given the intrinsic equation to deduce the

ordinary equation.

TTT -I
dx . ..!

,

"

. ,

.

'

We have -7-
= sin q>\

"
^ '.

'

as r
-

, .

ds sin <,

r

Similarly y\ds cos $.

Now 5 is by supposition known in terms of <
;
thus l>y

integration we may find a? and y in terms of
<j>,

and then by
eliminating < we obtain the ordinary equation to the curve in

terms of x and y.

107. Application to the Cycloid.

Here s &a sin <
;

r r
thus a: = I <?5 sin $ = 4 sin ^ cos

(f> d(f>
0a cos 2$,

<J J

r r

=\ds cos = &a\ cos
2
(> d = C' + 2a + a sin 2>.

Hence by eliminating $ we can obtain the ordinary equa-
tion

;
if the origin of the rectangular axes is the vertex of

the curve, we shall have G=a and (7 0.
.
.-. , ,. .
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108. We shall now give some miscellaneous examples of

intrinsic equations.

The intrinsic equation to the circle is obviously s = a^.

109. The equation to the catenary is

c - -

y + 0=s -(e +e ),

the origin being on the curve. Hence

dv ~ - K
- c

x ~ x

_ll i(a<s _ a~ c} os=(fl e _ t> }

dx~ z( )} 2 ( j;

thus if
<j>
be the angle which the tangent at any point makes

with the tangent at the origin,.

-'. *7/ s = ctan <.

""
110. We have seen in Art. 86, that for the epicycloid'

a a + b a
"

7 cosy cos
5 6

ay b
, , &~- = ......-

7
' m.. . = tan (b suppose,

" "

^
dx . a + b a . a

r ir ,,
(

sin - sm Q i,
.

AT.thus ^r
20

Again, from the same, Article,
'''"'

V(c
2 - 2

) ,,
:x. 5== Z-* -J Jo

a :

,
,

;

(a + 1} ad n .

-'-

js _^ cos + a ,

r
\ /

a %b
(j,

/

_. COS -j ,

a

if we suppose s measured from the point for which 6 ~ 0,

Thus , =
<

We may simplify this result by putting

7r(a + 25) 45
9 ~-57^ + S& ;

and 5 = -
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this amounts to measuring the arc from a vertex instead of

from a cusp. Thus

45 (a + 1} .

s = sm

where the accent may now be dropped.

111. Similarly the intrinsic equation to the hypocycloid
may be written

45 (a V) . ad>
s = '- sm

a 2b'

112. It appears from the last two Articles that s I sin nty

represents an epicycloid or hypocycloid, according as n is less

or greater than unity. For example, if

2
s=Zsin^, s = lsm-j, s = Zsin^,...M O 4: O

we have epicycloids in which -=-, 1, -, 2, ...
Q/ i 2>

If s =
3
s = I sin

3</>,
s = I si

1) 1 1 3 2
we have hypocycloids in which - = -

, r ,
ft

, ^;

,
...

] 13. If p be the radius of curvature of the curve at the

point determined by s and
(f>,

we have (Dif. Gal. Art. 324)
--

-<* -^ r|
'i&

ds p
- -

>4
'- '"''"-

r i . 1,1, UO <-~ ,

'

, r .'.'

In the logarithmic spiral we know that p varies as s if the

arc be measured from the pole : thus ,r >
'c '"

cs ..
therefore Jc -

-77 ,
and therefore by integration

therefore

T. i. c.

7c(p + constant = log 5
;

s
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where a is a constant. If we put s = s' + a we have

s' = a (&
W -

1),

and now s is measured from the point for which
<j>
= 0.

114. If the intrinsic equation to a curve be known, that
to the evolute can be found.

\

JB

Let APloQ a curve, BQ the evolute; let s be the length of
an arc ofAP measured from some fixed point up to P; s the
length of an arc of BQ measured from some fixed point up
to Q. It is evident that

<f>
is the same both for s and s', if in

Qw& measure
<f>

from BA, which is perpendicular to the
straight line from which is measured in AP.

_ In-the left-hand figure s' = p
- G = *- - 0.

a(f>

In the right-hand figure s'= C-p= C- .

of r terms
?
f * we can find s

'

in te^sof ^ The constant is equal to the value of p at the
point corresponding to that for which s' = 0.

115. For example, in the cycloid s = 4a sin
; thus

s'= (7
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7T
Put

<f>
=

ty + ~ and
' = a- + C; tlius

2

cr = 4.a sin
T|T.

This shews that the evolute is an equal cycloid.

11 G. Similarly if the, intrinsic equation to a curve be'

known, that to the involute may be found. For by Art. 114

f=6" +S
';

dtp

therefore = f
( #') <7f

Thus if A-' be known in terms of 0, we can find s in terms

off

117. For example, in the circle s' =
a<j>.

Thus

V

Tf we suppose s to begin where
c/>
= wo have 0' = 0, and

i'urthttr, if ,v be^inn wlierc, the involute meets the circle we

have -0** ()
;
thiw ,9 =

(f

f- . (Hee J)!f. Gat Art. 333.)

Tin. "It IH obvioiiH that by the methods of Arts. 114 and
110 we may find Ihe evolute of the evolute of a curve, or the

involute of Ihe involute of a curve, and HO on,

1.10. The student may exercise himself in tracing curves

from their intrinsic equations ;
ho will find it useful to take

such a curve as the cycloid, the form of which is well known,
and ascertain, that llio intrinsic equation, does lead to that

form; lie may then take Home of the epicycloids or hypocy-
cloids given in Art, ,112. .For further information on this

subject, and for illustrative figures, the student is referred to

two memoirs by I)r Whewell, published in the Cambridge

.Philomp'hwal Transactions, Vol. vin. page C59, and Vol. ix,

page 150,

82
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Curves of double Curvature.

120. Let x, y, z be the co-ordinates of a point on a curve
in space ;

x + Ace, y + Ay, z + Az the co-ordinates of an

adjacent point on the curve. Then it is known by the prin-

ciples of solid geometry, that the length of the chord joining
these two points is /J{(AxY + (Ay}

z + (As)
2

}.
Let s be the

length of the arc of the curve measured from some fixed point

up to (as, y, z) ;
and let s + As be the length of the arc measured

from the same fixed point up to (x + Ax., y + Ay, z + Az}.
We shall assume that As bears to the chord joining the adja-
cent points a ratio which is ultimately equal to unity when
the second point moves along the curve up to the first point.
Thus the limit of

As

As , . . Ax
x , that is, of

,v
ii-M^K

is unity. Hence

ds
', 1 + [^

From the equations to the curve
-j~

and -,- may be ex-

pressed in terms of a?, and then by integration s is known in

terms of cc.

121. With respect to the assumption in the preceding
Article, the student is referred to Dif. Gal. Arts. 307, 308 ;

he

may also hereafter consult De Morgan's Differential and

Integral Calculus, page 444, and Homersham Cox's Integral
Calculus, page 95.

122. Suppose, for example, that the curve is determined

by the equations

(1),

=
V(2ca?

-
a;
2

) + c vers'
1 - ......... (2),
c
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so that the curve is formed by the intersection of two cylin-

ders, namely a cylinder which has its generating lines parallel

to the axis of z, and which stands on the parabola in the

plane of (x, y] given by (1), and a cylinder which has its

generating lines parallel to the axis of y, and which stands on

the cycloid in the plane of
(as, z] given by (2). Then

X

ds / f a 2c \
hence T~ = A / H '

" =
ofo Y V a? a? /

/ (j "IP

therefore s = V(2c + a
) -7-

= 2 V(2c + ) V*-
J Y'^'

JSTo constant is required if we measure the arc from the origin

of co-ordinates.

123. The formula given in Art. 120 may be changed into

7r
\dy) \dy

,
and 5= 1 + -- + -f /(, fdx\*=

A / 1 + (-j- )JY i v^/

and in some cases these forms may be more convenient ta.an

that in Art. 120.

124. Sometimes a curve in space is determined by three

equations, which express as, y, z respectively in terms of an

auxiliary variable
;
then by eliminating this variable, we may,

if necessary, obtain two equations connecting x, y, and z, and

thus determine the curve in the ordinary way. Suppose then

x, y, z each a known function of t
;
then

dy dz

dt
^
dz _dt

dx' dx dx

dt ~di
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, f /f fdy\
2 /&\ 2

)
,

and s= L /41 + l-r- + (T } r das

Jy 1 U/ Vote/ J

125. Application to the Helix.

This curve may "be determined by the equations

x = a cos
tf, ?/

= a sin
#,

2 = ct

thus = V(a
2 + c

2

) [
^ = t V(a

2 + c
2

) + 0.

126. When polar co-ordinates are used to determine the

position of a point in space, we have the following equations

connecting the rectangular and polar co-ordinates of any
point,

x r sin 6 cos
<j), y=*r sind sin $, z r cos 6.

And as a curve in space is determined by two equations
between x, y, and z, it may also be determined by two equa-
tions between r, 8, and <. Thus we may conceive r and
< to be known functions of 6, and therefore as, y, and &

become known functions of 0.

Hence

dx . - . dr . .. .
,
dd> n

-JQ

= sin V cos
(f>

-JQ

- r sm 9 sin <
-~~ + r cos cos <,

i sin sin 9 -^ + r sin 6 cos d> ~~ + r cos i

CLu do

a dr . a
cos 6 -=^ r sin 0.
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and 5
=/y{,

This may be transformed into

or into

127. If jp be the perpendicular from the origin on the

tangent to a curve in space, then the equation

ds _ r

dr VC^"^)'

which was proved for a plane curve in Art. 85, will still

hold. For each member of the equation expresses the secant

of the angle which the tangent makes with the radius vector

at the point of contact.

Therefore

EXAMPLES.

1. For what values of m and n are the curves amy
n - xm+n

rectifidble? (See Art. 15.)

Result. If-~ or - + - is an integer.2m 2m 2

2. Shew that the length of the arc of a Tractory measured
ft

from the cusp is determined by s = c log
-

.

J

3. Shew that the Cissoid is rectifiablc.

4. Shew that the whole length of the curve whose equation

is 4 (a;

2+ y*}
- a

2 = 3a*y* is equal to 6a.

It may be shewn that
( ~~) =

J
\dyJ
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'

EXAMPLES.

5. The length, of the arc of the curve

"between the limits (#1} yj and
(as, y) is

2V2
1

a

6. If s = ae% find the relation between x and y.

7. Shew that the intrinsic equation to the parabola is

ds 2a _ a , 1 + sin < a sin ^>

fi?< cos
3

<p
, 2 1 sin < 1 sin* <

'

8. The intrinsic equation to the curve ?/

3 = a
2
is

s ~~

2T ^
sec ^ ~ ^

9. Shew that the length of the arc of the evolute of a

parabola from 'the cusp to the point where the evolute

meets the parabola is 2a (3 \/3 1) ;
where 4a is the

latus rectum of the parabola.

10. The evolute of an epicycloid is an epicycloid, the radius

of the fixed circle being-r^ and the radius of the
'

generating circle .
-
y . (Arts. 110 and 114.)

11. Shew that if the equation to a curve be found by
eliminating between the equations

x = sin ey (0} + cos ey (0} ,

. and y = cos Qty' (0)
- sin (ty" (6),

then 8-^(0)+ f '

(0).

12. Shew that the length of the curve 8as

y = a4 + 6aV

measured from the origin is 5-3 (#
a

OCl



121

CHAPTEE VII.

AREAS OF PLANE CURVES AND OF SURFACES.

Plane Areas. Rectangular Formulas. Single Integration.

128. Let DPE "be a curve, of which the equation is

y = <f>(x),
and suppose #, y to "be the co-ordinates of a point

P. Let A denote the area included between the curve, the

axis of #, the ordinate PM, and some fixed ordinate DB, such

that OB is algebraically less than x
;
then (Dif. Gal. Art. 43)

dA .

hence

Let

A I
<jS (x) dx.

be the integral of <

(a?) ;
thus

A = ^ (a?) + C.

Let ^j denote the area when the variable ordinate is at a

distance xi
from the axis of y, and let A

z
denote the area when
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the variable ordinate is at a distance a?
2
from the axis of y

then

therefore A A =

129. Application to the Circle.

The equation to the circle referred to its centre as origin
is

3/

2 = a
2

a?
; here <

(33)
= V(a

2 #2

)

The constant G vanishes if we suppose the fixed ordinate

to coincide with the axis of y. It will be seen by drawing a

figure, that the area comprised between the axis of aj, the axis

of y, the circle, and the ordinate at the distance so from the

axis of y, may be divided into a triangle and a sector, the

values or which are given by the first and second terms in the

above expression for A. This remark may serve to assist the

student in remembering the important integral

a

130. Application to the Ellipse.

Suppose it required to find the whole area of the ellipse.

The equation to the ellipse may be written y^ (a
2

x*} .

i Oj

Hence the area of one quadrant of the ellipse

f
a I ., , 2 . , 5 [

a
., 2 2N ,7 5 7ra

a
irab= - J(a x)ax = -

I J(cf or) ax = -- =
;

Jo
'

Jo
,

a * *

hence the area of the ellipse is

131. Application to the Parabola.

The equation to the parabola is ?/

2 = 4a#
;
here then

<
(a;)

=
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and I */(&ax) dx ~- x%+ C;

thus with the notation of Art. 128

If ojj
= we have for the area -~ a?/, that is, two thirds

O

of the product of the abscissa o?
2
and the ordinate

132. Application to the Cycloid.

f
The integration required Iby the formula I ydx becomes

sometimes more easy if we express x and y in terms of a new
variable. Thus, for example, in the cycloid we can put

(Dif. Gal Art. 358)

x = a (1 cos 0) , y = a(0 + sin 0) ;

r r

therefore I ydx .a? I (0 + sin 0) sin d0
J V/2 /*

sin dd + ~ (1
- cos 20)^0 ;

A J

th
ir n a , /i\ a ( * sin2\

is gives a
2

(- cos + sm 0) -f -
6>--

;
.

A \ 2 /

If we take this between the limits and TT for 0, we obtain

the area of half a cycloid ; the result is -
. Hence the

a

area of the whole cycloid is equal to three times that of the

generating circle.

133. The equations to the companion to the cycloid are

x = a(l cos0), y = ad-
}

hence it may be shewn that the area of the whole curve is

twice that of the generating circle.

134. If a curve be determined by the equation x
then the area contained between the curve, the axis of y, and

c,-.
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straight lines drawn parallel to the 1 axis of x at distances

/2/n
"(p (y} dy. This is ob-

Jl

vious after the proof of the similar proposition in Art 128.

135. The formulas in Arts. 128 and 134 furnish one of

the most simple and important examples of the application of

the Integral Calculus. As we have already remarked, the

problem of determining the areas of curves was one of those

which gave rise to the Integral Calculus, and the symbols
used are very expressive of the process necessary for solving
the problem. In the figure to Art. 7, the student will see

that the rectangle PpNM may be appropriately denoted by
#A#, and the process of finding the area of ADEB amounts
to this; we first effect the addition denoted by ]%Aa;, and
then diminish Ao? indefinitely.

136. Suppose we require the area contained between the

X
curve y = c sin -

,
the axis of x, and ordinates at the distances

a
x

1
and x

z respectively from the axis of y. We have

2 . x j f x, x,
sin - dx ca{ cos cos ~

a \ a a

Suppose then x
t
= and x

z
= air

;
the area is 2ca. Next

suppose x
t

and C
2
= 2a?r

;
the result

*

f /y *T*

ca
|
cos cos

V a

becomes zero, in this case, which is obviously inadmissible,

since the area must be some positive quantity. In fact sin -
Cu

is negative from x = aw to x Zair, but in the proof that the

f
area is equal to \ydx, it is supposed that y is ^positive. If

y be really negative the area will be I
( y} dx.

Thus in the present example the area will not be
air ^ rair v rZcnr / \//. / .^O-y /

/ *>6\-,
sin - dx but cl sin - dx 4- cl

f
sin -

) dx,a Jo a J air \ a)
c

o
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that is, c I
sin - dx c I sin - dx ;

Jo a J a* a

this will give 2ca + 2ca, that is, 4ca.

125

Areas. Rectangular Formulce, Double Integration.

137. In Art. 128 we have supplied a formula for finding
the area of a curve; that formula supposes the area to be the
limit of a number of elemental areas, each element being a

quantity of which y&x is the type. We shall now proceed to

explain another mode of decomposing the required area into

elemental areas.

L, JUC JC

Suppose we require the area included between the curves

BPQE and bpqe,, and the straight lines JBb and Ee. Let a

series of straight lines be drawn, parallel to the axis of y, and
another series parallel to the axis of x. Let st represent one

of the rectangles thus formed, and suppose x and y to be the

co-ordinates of s, and a;-l-Aa; and y + Ay the co-ordinates of

t; then the area of the rectangle st is AaAy. Hence the

required area may be found by summing up all the values

of AccAy, and then proceeding to the limit obtained by sup-

posing Ate and Ay to dimmish indefinitely.
We effect the required summation of such terms as Aa;Ay

in the following way: we first collect all the rectangles
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similar to st which are contained in the strip PQqp, and
we thus obtain the area of this strip; then we sum up all

the strips similar to this strip which lie between JBb and

Ee. The error we may make by neglecting the element of

area which lies at the top and bottom of each strip, and
which is not a complete rectangle, will disappear- in the limit

when As; and Ay are indefinitely diminished.

Let y = $(x] be the equation to the upper curve, and

y = ^r(x] the equation to the lower curve; let OGc and
OH Ji, then if A denote the required area, we have

rh r<S>(x)

A.
\

\ dxdy;
J c J \jt(x)

for the symbolical expression here given denotes the process
which we have just stated in words.

r r<ji(x)

Now \dy~y, therefore / dy = $ (x] ty (x) ;
thus we

J J
i/f (a-)

have

In this form we can at once see the truth of the expression,
for <p(x)ty (x]

= PL pL = Pp ;
thus

{< (a;) ^ (a?) }
Ace may

be taken for the area of the strip P Qqp, and the formula asserts

that A is equal to the limit of the sum of such strips.
The straight lines in the figure are not necessarily equi-

distant: that is, the elements of which Aa?Ay is the type
are not necessarily all of the same area.

^
138. The result of the preceding Article is, that the area

A is found from the equation

This result may be obtained in a very simple manner as

shewn in the latter part of the preceding Article, so that it

was not absolutely necessary to introduce the formula of
double integration. We have however drawn attention to
the formula

nlt

dxdy
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because of the illustration whicli is here given of the process
of double integration; the student may thus find it easier to

apply the processes of double integration to those cases where
it is absolutely necessary, of which examples will occur here-
after.

139. If the area which is to be evaluated is bounded

by the curves x = ^r(y], and 02 =
</>(?/), and straight lines

parallel to the axis of x at distances respectively equal to c

and h, we have in a similar manner

rh r<!>(y) r

=
\

dydx =
J c J (y] Jo

Some examples of the formulas of Arts. 137 and 139 will

now be considered; we shall see that either of these formulas

may be used in an example, though generally one will be
more simple than the other.

140. Required the area included between the parabola
y*
= ax and the circle y

z = 2ax a;
8
.

The curves pass through the origin and meet at the point
for which x = a; thus if we take only that area which lies

on the positive side of the axis of x, we have

A =
I {/J(2ax a;

2

) \/(ax}} dx = .

Jo 43
The whole area will therefore be 2

Suppose that we wish in this example to integrate with

respect to x first. From the equation y
z = 2aa)~-a? we deduce

x a V(a
2

y
2

), and it will appear
at once from a figure

that we must take the lower sign in the present question.

Thus let x
t
stand for a \/(a? ?/

2

),
and

2
for

,
then

fa rx
a ra

fy%

A=\ dydx\ \~- <

JoJxi Jo (a

2 2 2 n 2
Or o TTd VTCL &CL
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The reader sliould draw the figure and pay close attention

to. the limits of the integrations.

141. In the accompanying figure 8 is the centre of a

circle LD, S is also the focus of a parabola ALG; we shall

indicate the integrations that should be performed in order to

obtain the areas ALB and LDO. This example is introduced
for the purpose of illustrating the processes of double integra-
tion, and not for any interest in the results: the areas can be

easily ascertained by means of formulas already given; thus
ALB is the difference of the parabolic area ALS and the

quadrant SLB] and similarly LDO is known.

Take B for origin. In finding the area ALB it will be
convenient to suppose the positive direction of the axis of x
to be that towards the left hand; thus if 4a be the latus

rectum of the parabola, and therefore 2a the radius of the

circle, the equation to the parabola is y
z = ^a(a x}, and that

to the circle y* 4a2 x2
.

Suppose we integrate with respect to x first, then

where

For here
(a?2 ajj Ay represents a strip included between the

two curves and two straight lines parallel to the axis of x; and
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strips are situated .at distances from the axis of x ranging
between and 2a, so that the integration with respect to y is

taken between the limits and 2a.

Suppose we integrate with respect to y first; we shall then

have to divide the area into two parts by the straight line AF.
Let

ya
= V (4

2 -
3?} ;

nVa
fa

dxdy\ (y2 y^ dx ;

Ji JO

/s

fy2 r%a

I dxdy=\ yz dx-,
2 J J a

area

the sum of these two parts expresses the area ALB.

Next take the area LDQ; suppose now the positive direc-

tion of the axis of x to be that towards the right hand, then

the equation to the parabola is y*
=

4.a(a + x), and that to the

circle y
z = 4&2 x*.

Suppose we integrate with respect to y first
;

let

z
a?

2

)
and yz

then area DL
r2a p3

==
I I dxdy.
J o J y

l

Suppose we integrate with respect to x first; we shall then

have to divide the area into two parts by the straight line LK.
Let

then we shall find that DC= 2a \/B
= I suppose; thus

area DLK I I dydx,
Jo J

#,'

rb r2a

area OLK=I I dydxj
J %aJ xa

the sum of these two parts expresses the area LD C.

T. I. C.
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142. One case in which the formulas of Arts. 137 and
139 are useful is that in which the bounding curves are
different branches of the same curve. Suppose the equa-
tion to a curve to be (y mx

c)
2 = a2

a;
2

;
thus

y mx + G A/ (a
2

a;
2

)
-

Here we may put

-ty (x]
~ mx + c \f(cf a;

2

),

<f> (x]
= mx + G + A/(a

2
a;

2

) ;

thus < (x} ty (x)
= 2 --/(a

2 ~ 2

), and the complete area of
the curve is

f
a

I 2 V(
2 ^2

)
dx

:
that is, Tra

2
.

J _a

143. We have hitherto supposed the axes rectangular,
but if they are oblique and inclined at an angle <u, the for-

mula in Art. 128 becomes

fA = sin co 1 $ (cc) dx,

and_a similar change is made in all the other formulee. It is

obvious that such elements of area as are denoted by y&x
and AyAcc when the axes are rectangular will be denoted by
sinw^Aa; and sinwA^Ao; when the axes are inclined at an

angle ca.

For example, the equation to the parabola is y
z
-ka'x when

the axes are the oblique system formed by a diameter and
the tangent at its extremity; hence the area included be-
tween the curve, the axis of

a;, and an ordinate at the point
for which x = c, is

f
c

,t, r \ 7
sin co ^ (4a x} dx

JO

4sin&)

o

that is, two thirds of the parallelogram which has the abscissa
c and the ordinate at its extremity for adjacent sides.
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Plane -Areas. Polar Formulas. Single Integration.

144. Let CPQ be a curve, of which the polar equation is

r =
<f>(0) }

and suppose r, to be the co-ordinates of a point P.

Let A denote the area included between the curve, the radius

vector JSP, and the radius vector J30 drawn to some fixed

point 0, such that the angle QSx is algebraically less than 0;
then (Dif. Gal. Art. 313)

dQ 2
'

Hence A = \ f {<j> (0)}*d0.
J

Let ^ (6) be the integral of *^iLlL, then

Let A
t
denote the area when the variable radius vector is

at an angular distance
1
from the initial line, and let A

z

denote the area when the variable radius vector is at an an-

gular distance 6
Z
from the initial line; then

therefore A
z -A^^r (6,} -f (0J

= ^ P
J 61

145. Application to the Equiangular Spiral.

e

In this curve r = lee; thus

20 72,, 2(9

.02
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29 72 20 20i

and

where r
t
and r

2
are the extreme radii vectores of the area

considered.

146. Application to the Parabola.

Let the focus be the pole, then

a ., . az
f d6

r =
cos - cos-

Hence A^
- A,= a

2
tan 2- tan + tan

8 ~* - tan
3

.

TT

Suppose that ^= and 6
Z
~ -

, then we obtain for the

2 A ^*

area a?+ ,
that is, ;

this agrees with Art. 131.
3

For another example we will suppose the parabola refer-

red to the intersection of the directrix and the axis as pole,
the axis being the initial line. Here

cos0-\/(cos20)

tin. A =

ft , f2 cos
3
5 - sin

2
(9

,,,
. fcos 6 V(= 2as -

r-r^
-^ - 4a

2 --f-

j sm a J sm4

7 -

d6.
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>T f2 cos
2 6 sin

2

,/, f,. , 2 /, ,,. , n 7/,Now I
-

r-ffi
- dd= (2 cot

2
6 - 1) cosec

s
6 dO

J sin "
J

= -cot3

. , f cos 6 V(cos 20} dd /Y(l - 2 sin
2

6} d&inAnd -i-ra
-- = -

^~ra
-

;

J sm 6 J surd '

assume sin 6 = -
, tlien the integral becomes

t

}tdt, that is, -$(-2)*.

Hence, adding the constant, we have

A =~
(
Cosec

2
6 - 2)

f -~ cot
3 + 2a2

cot 6 + C
o 6

4a3
cos 20*- cos

3

.

3 sin
3

The constant will "be zero if A commences from the initial

line
;

for it will be found on investigation that

_ .- 4 (cos 20)*- cos
3

., i/, A2 cot + - --j .--^
-- vanishes when = 0.

3 sin
3

147. Application to the curve r = a (0 + sin 0). Here

and

thus
J

Suppose we require the area of the smallest portion which

is bounded by the curve and by a radius vector which is

f0si
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inclined to the initial line at a right angle; then we have
and ^TT as the limits of the integration. Thus the required
area is

+ +2
2[24

+
4
+T

Plane Curves. Polar Formulae. Double Integration.

148. In Art. 144 -we have obtained a formula for finding
the area of a curve; that formula supposes the area to be the

limit of a number of elemental areas, each element being a

quantity of which -|r
2 A0 is the type. "We shall now proceed

to explain another mode of decomposing the required area

into elemental areas.

Suppose we require the area included between the curves

BPQE and Ipqz, and the straight lines Bb and Ee. Let a
series of radii vectores be drawn from 0, and a series of circles

with as centre; thus the plane area is divided into a series

of curvilinear quadrilaterals. Let st represent one of these

elements, and' suppose r and 6 to be the polar co-ordinates of

s, and r + Ar and 9 + A6> the polar co-ordinates of t; then the
area

^of
the element st will be ultimately rA0 Ar. Hence the

required area is to be found by summing up all the- values of

rA0Ar, and then proceeding to the limit obtained by sup-
posing A# and Ar to diminish

indefinitely.
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We effect the required summation of such terms; as rA# Ar
in the following way : we first collect all the elements similar

to st which are contained in the strip PQqp, and thus obtain

the area of the strip ;
then we sum up all the strips similar to

this strip which lie between Bb and Ee.

Let r <j>(Q} be the equation to the curve BPQE and

r=zty(ff) the equation to the curve bpqe, let a and /9 be the

angles which OB and OE make respectively with Ox ;
and

let A denote the required area, then

f/3 N>(0)

rd0dr;
J a J if (6)

for the symbolical expression here given denotes the process
which we have just stated in words.

r ^
2

Now I rdr = , therefore
r 4$
I rdr =

,

thus we have

In this form we can see at once the truth of the expres

sion, for OP=^) (6} and Op ty (d), and thus

may be taken for the area of the strip PQqp, and the formula

asserts that the area A is -equal to the limit of the sum of

such strips.

149. The remark made in Art. 138 may be repeated

here; we have introduced the process in the former part of the

preceding Article, not because double integration is absolutely

necessary for finding the area of a curve, but because the

process of finding the area of a curve illustrates double inte-

gration.

150. If the area which is to be evaluated is bounded by
the curves whose equations are 6=

<j> (r),
6 ty (r} respectively,
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and by the circles whose equations are r = a and r = 3 re-

spectively, it will "be convenient to integrate with respect to

Q first. In this case, instead of first summing up all the

elements like si, which form the strip PQqp, we first sum up
all the elements similar to st which are included "between the

two circles which "bound st and the curves determined by
B = (f)(r}

and 6 = ^(r). Thus we have

*fr)

rdrdff.

Some examples of the formulae in Arts. 148 and 150 will

now be considered ;
we shall see that either of these formulas

may be used in an example, although one may be more con-

venient than the other.

151. We will apply the formulae to find the area between
the two semicircles OPB and Qpb and the straight line IB.

Let Ob c, OB= k, then the equation to OPB is r = h cos 6,

and the equation to Opb is r= c cos 6. Thus the area

-pf
"JoJ,

rdddr.
c cos

/ACOS0
Now I rdr= | (7i

2 - c
2

) cos
2
Q

;

J c cos 6

IT

thus the area = -|(A
2 - c

2

) f cos
2
6 dQ = (tf

- c
2

).
JO 8

Suppose we wish to integrate with respect to 6 first
; we

shall then have to divide the area into two parts by describing
an arc of a circle from as centre, with radius Ob. Then
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the area bounded by this arc, the straight line JBb, and the

larger semicircle is

/J e J

>h r
cos

ih

rdr dd.
e

The area bounded by the aforesaid arc, the semicircle Opb,
and the larger semicircle is

rdr dd.

The sum of these two parts expresses the required area.

152. Let us apply polar formulas to the example in

Art. 141. With $as pole, the polar equation to the parabola is

r (I + cos 6}
= 2 or r cos

2 - =
a, where B is measured from

SB; and the polar equation to the circle is r=2a. Hence,
if we integrate with respect to r first,

rs rza

area J.Z/.5= / I rdQdr.
a sec2 TT

2

If we integrate with respect. to 6 first, we shall have if

Q
i
= cos""

1

area ALB= I I rdr dO.
Wa

[fa= I I

Ja Jo

Next consider the area DLO. The equation to DO is

rcos0 = 2a; the length of SG is 4a, and the angle BSG
. 2?r -r , /i _i2o~r >, _, / 2a\ m , .,
is . Let tf^cos

1-
,
^
2
=cosM-

J.
Then if

we integrate with respect to 6 first,

ria rOs

J 2<t J GI

drdQ.

If we integrate with respect to r first, we shall have to

divide the area into two parts, by the straight line joining 8
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with 0. The area of the portion which has LG for one of its

boundaries is

STT

nJ ?, J 20,

'

rdQ dr.

The area of the remaining portion is

'IT r-2asec0

rd& dr.

The sum of these two parts expresses the required area.

153. A good example is supplied by the problem of find-
ing the area included between two radii vectores and two
different branches of the same polar curve.

fH
-

. difteront arcs of * spiral,and that the area is to be evaluated which is bounded bythese ai-cs and the straight lines Wand 60; then the area il
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where r
z
denotes any radius vector of the exterior arc, as SQ,

and ^ the corresponding radius vector SP of the interior arc.

The limits of will be given by the angles which SJ3 and

jSb respectively make with the initial line.

Take for example -the spiral of Archimedes; let 9 be the

whole angle which the radius vector has revolved through
from the initial line until it takes the position /SP; so that 9

may be an angle of any magnitude. From the nature of the

curve we have SP or r aO, where a is some constant. If

then OQ is the next branch to BP we shall have

Suppose &i and #
2
the values of 9 for SB and Sb respectively ;

thus the area Bbc

, 154 The student will remark a certain difference between

the formulae 1 1 dxdy and /I rdddr, which express the area

of a plane figure. The former supposes the area decomposed
into a number of rectangles and AarA^ represents the true

area of one rectangle. Hence in taking the aggregate of

these rectangles to represent the required area the only error

that can arise is owing to the neglect of the irregular elements

which occur at the top and bottom of each strip ;
as we have

already remarked in Art. 137. But in the second case rA#Ar
is not the accurate value of the area of one of the elements,

so that an error is made in the case of every element. It is

therefore important to shew formally that the error disappears
in the limit, which may be done as follows. The element st

in the figure of Art 148 is the difference of two circular sectors,

and its exact area is

that is,
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In taking the former term to represent the area we neglect
i
(Ar)

2
A#. Hence the ratio of the term neglected to the

term retained

=~~
2r

"

By taking Ar small enough this ratio may he made as small
as we please. Hence we may infer that the sum of the

neglected terms will ultimately vanish in comparison with
the sum of the terms retained, that is, all error disappears in

the limit.

Other Polar Formulae.

155. Let s be the length of the arc of a curve measured
from some fixed point up to the point whose co-ordinates are
r and 6

; let p be the perpendicular from the origin on the

tangent at the latter point ;
then the sine of the angle between

rift

this tangent and the corresponding radius vector is r
-j- (Dif.
CLS

Gal. Art. 310) ; also is another expression for this sine
;

fJB n
hence, ? = ". Let A denote the area between the curve

and certain limiting radii vectores
; then

the limits of s in the latter integral must be such as correspond
to the limiting radii vectores of the area considered.

f
The result can be illustrated geometrically- suppose P, Q

adjacent points on a curve, 8 the pole, / the perpendicular
from 8 on the chord PQ; then, the area of the triangle PQS

= 'x chord

Now suppose Q to approach indefinitely near toP, then p'=p,
and the limit of the ratio of the chord PQ to the arc PQ is

unity.
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a- i j f ds j { prdr
JSince i ndR = / r> -TT- a.r = I -.-*.

,. , _.
(Art. 85),

we have

156. Application to the Epicycloid.

C
2

(r
2_ a2

)

Here 2= ~\ ^ ;
thus*

<? - a?
'

I /* A r t ft* /7 I 0^/77* /* /
j H I v A/ V

' w 1 i \A/I \j I

^
J aVfc'^r

=
2^ J V 1

Now

I _^ ^ where s
9/y / ./i/ /v-

a
_._.

-i \
'

*<* j Vl,^ w 5
>

r
2 a ^T

^ + (

2 ~"
(

22
r a.

f
ds

JV(c
2- 2-

sm

Taking this between the limits r = a and r c, we get

,
that is, 5

(<z + 1}}
TT. Hence the area is 5 (a +5) TT,

4 A^

- or TT

doubling this result we ob-

2

that is,
.6U>

tain the area between the curve and the radii vectores drawn

to two consecutive cusps, which is therefore ~
.

The area of the circular sector which forms part of this area

is 7ra5; subtract the latter and we obtain' the area between

an arc of the epicycloid extending from one cusp to the next;
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cusp and the fixed circle on which the generating circle rolls
;

the result is

Similarly in the hypocycloid the area between the fixed

circle and the part of the curve which extends between two

consecutive cusps may be found. If a is greater than b the

result is

Area letween a Curve and its Evolute.

157. In the figures to Art. 114, if we suppose the string

or line PQ to move through a small angle &$, the figure

between the two
positions

of the line and the curve AP may
be considered ultimately as a sector of a circle

;
its area will

therefore be |p
2

A<, where p
= PQ. Thus if A denote the

whole area bounded by the curve, its evolute, and two radii

of curvature corresponding to the values ^ and $2
of $, we

have

Since - = -
, we may also write this

ds p
J

the limits of s being properly taken so as to correspond with

the known limits of
<p.

Or we may write the formula thus,

-4 = 4

158. Application to the Catenary.

Here s = c tan $, Art. 109 j

ftf'a

therefore p = c sec
8

<$>,
A $ I c

8
sec

4
<

d<f) ;

J rfi.
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and I sec
4

$d$ = tan $ + J tan3

cf> + G;

thus A is known.

Area of a Pedal Curve.

159. Suppose that perpendiculars are drawn from one

and the same point in the plane of a curve on all the tangents
to the curve

;
the locus of the feet of the perpendiculars is

called a pedal curve, the point from which the perpendiculars
are drawn is called a pedal origin, and the curve from which.

the pedal curve is derived is called the primitive curve.

We have already had occasion to notice some relations

between the primitive curve and a pedal curve; see Arts.

90 93 : we shall now give a proposition respecting the areas

of the various pedal curves which can be formed from the

same primitive curve by varying the pedal origin.

By the area of a ped,al curve is meant the area described

by the perpendicular as the point of contact describes a given
arc of the primitive curve.

160. The origins of pedals of a given area lie on a conic

section ; and t7ie conic section lias the same centre whatever l>e

the given area.

Let A denote the area corresponding to a certain pedal
origin ;

let A' denote the area corresponding to another

pedal origin 0'
;

let r and 6 be the polar co-ordinates of 0'

with respect to 0. Let p denote the length of the perpendi-
cular from on any tangent to the primitive curve

;
let p'

denote the length of the perpendicular from 0' on the same

tangent. Let
<p be the angle between these perpendiculars

and the fixed initial line. Then, as in Art. 157,-

the integrations are to be taken between fixed limits.
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Now p =_p r cos
(< 6} ;

therefore

Let x = r cos d, yr sin 6
;
then

where h, k, I, m, n are certain quantities which remain con-

stant for every position of 0'.

"Now (2) shews that the locus of (x, y} 'corresponding to a

given value of A! is a conic section
;
and that the conic

sections obtained by assigning different values to A' are con-

centric.

The conic section is in general an ellipse. For, by putting
for I, m, n their values, we have

r r
)
2

(f ) f f
ma - In = \ sin <f> cos <6M\ -\ cos

2
<

dd>\- x
\

si

\J
r r r

j (J
r

j U

and it may be shewn that the expression on the right-hand
side is negative; see Example 21, at the end of Chapter iv.

Hence by Chapter xni. of the Plane Oo-ordinate Geometry ,'

the conic section is an ellipse.

If the conic section were referred to its centre as origin,

the terms of the first degree in x and y would disappear from

the equation (1) ;
thus we see indirectly that there must be

some pedal origin for which h = and Tc = 0. Suppose this

origin taken for 0, then we have from (1),

sn"

I cos -

as the second term on the right-hand side is positive, A' is

necessarily greater than A, so that the origin is that which

makes the pedal area least.

In the particular case in which the primitive curve is a

closed curve the conic section becomes a circle. For the

limits of < may then be supposed to be and 2?r
;
and thus

we have Z= n and m^=p 0.
"
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We may just advert to the effect of the existence of

singular points on the primitive curve. In this case it may
happen that < does not always increase from the lower limit

of the integrations to the upper limit, but sometimes increases

and sometimes decreases. Suppose now, for example, that
<j>

first increases from to - TT, then diminishes from - TT to - TT,
o o 4

and then increases from T TT to -
TT. The values of Ji, Jc, I, m.42

n will then be the same as if
<p had always increased from

to - TT. The area of that part of the pedal curve traced out
2i

as < decreases from -TT to -TT will count as a negative*

quantity.

A memoir by Professor Hirst on the Volumes of Pedal

Surfaces will be found in the Philosophical Transactions for

1863.

Area of Surfaces of ^Revolution. Rectangular Formulae,

161. Let A be a fixed point in the curve APQ; let x, y
be the co-ordinates of any point P, and s the length of the

arc AP. Suppose the curve to revolve round the axis of x,

and let /S denote the area of the surface formed by the revolu-

tion of .AP- then (Dif. Gal. Art. 315)

T. I. C, 10
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therefore #= I 27rWs (1);
J

thus 8= IZirydx (2),
I / -//Y * '

I/

'

du (3).
i f *J * '

Of these three forms -we can choose in any particular ex-

ample that which, is most convenient. If y can be easily
ds

expressed in terms of s we may use (1) ; if -j- can be easily

expressed in .terms of y we may use (3) ; generally however

it will be most convenient to express y and -7- in terms of x

and use (2).

In each case the area of the surface generated by the. arc .

of the curve which lies between assigned points will be found

by integrating between appropriate limits.

162. Application to the Cylinder.

Suppose a straight line parallel to the axis of x to revolve

round the axis of x, thus generating a right circular cylinder :

let a be the distance of the revolving line from the axis of x
;

then y = a, and -v- = 1 ;^ ' ax

thus by equation (2) of Art. 161,

S = 2-Tr I adx = 2ir,ax -\- C.

<

Suppose the abscisses of the extreme points of the portion
of 'the line which revolves to be x

i
and cc

2 ;
then the surface

generated >.

:

pa T
. .

"/ f /yi __ /yt i
.1 l.X/t

.

*""
U/, l
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163. Application to tJie Cone.

Let a straight line which passes through the origin and is

inclined to the axis of x at an angle a revolve round the axis

of x, and thus generate a conical surface. Then

"

?/
= x tan a, and -j- = sec a :J ' dx '

thus by equation (2) of Art. 161,

S= 2?r I tan a sec a x dx = TT tan a sec a a;
2 + (7.

Hence the surface of the frustum of a cone cut off "by planes

perpendicular to its axis at distances x
i}
x

z respectively from
the vertex is .

TT tan a sec a (x* x*}.

Suppose x
1
= 0, and let r be the radius of the section made

by the plane at the distance x
2 ,

then r = x.i tan a, and the

area is

TT cosec a r
2
.

164 Application to the. Sphere.

Let the circle given by the equation y*
= a2 xz

revolve

round the axis of x
;
here

<%__ x

dx y*

and -.

*
.. /jl +(f}\ = ,/(! + ^ =.

da? V I v&v J V V 3T/ y

Hence by equation (2) of Art. 161,

8 = 27r \ii ~dx = Sira \dx == %Trax + C.
j y J

Thus the surface included between the planes determined by

x = x and x = x is

Hence the area of a zone of a sphere depends only on the

height of the zone and the radius of the sphere, and is equal
'

102
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to tlie area which the planes that bound it would cut off from
a cylinder having its axis perpendicular to the planes and

circumscribing the sphere; and thus the surface of the whole

sphere is 4?ra
a
. These results are very important.

165. Application to tlie Prolate Spheroid,

Let the ellipse given by V+^^ ~ a^ revolve round the

axis of x which is supposed to coincide with the major axis

of the ellipse ;
here

dy _ l
zx

~dx o?y
'

, ds
1and -_ = . 1 4-

dx V V ayJ ay

Hence by equation (2) of Art. 161,

a ,
27r5 f ,, a

^ITJ
V(a

*-

irle
sin

a

The surface generated by the revolution of a quadrant of

the ellipse will be obtained by taking and a as tho limits of

x in the integration. This gives

166. For another-example suppose the catenary

c / 5

c /
x
\

to revolve round the axis of x. Here s -r(e
G ~e"~G \, by2 \ /

Art. 73, if we measure from the point for which x = 0. Thus
we see that y

z~ s
2 + c

2
. In this case we shall find that we

can use any of the three formula in. Art. 161
j but (2)

will

be the most convenient.
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167. Suppose one curve to have for its equation y = <
(33),

and another curve to have for its equation y = ty (so), and let

both curves revolve round the axis of x. Let s
1
and s

2
denote

the lengths of arcs measured from fixed points in the two
curves up to the point whose abscissa is x. Let $ denote the

sum of the areas of both surfaces intercepted between two

planes perpendicular to the axis of x at the distances x
l

and x
z respectively from the origin. Then, by Art. 161,

For a simple case suppose that there is a curve which is

bisected by the straight line ?/
=

,
so that we may put

y = a + % (x) for the upper branch and y = a ^(x} for the

lower branch. Hence

dSj _ ds
s

dx dx '

rx,2 ^g r

and $=47ra
"

-^ dx krra \dslt

the limits for s
l being taken so as to correspond witli the

assigned limits of x.

Hence, if there be any complete curve which is bisected by
a straight line and made to revolve round an axis which is

parallel to this line at a distance a from it and which does not

cut the curve, the area of the whole surface generated is equal
to the length of the curve multiplied by 27ra.

For example, take the circle given by the equation

(as-ft)
a

+(y-7<:)*-c
a =0.

Here the area of the whole surface generated by the revolu-

tion of'the circle round the axis of x will be %Trlc x 27rc.

There is no difficulty in this example in obtaining sepa-

rately the two portions of the surface. For the part above

the straight line y lc, we have 2?r \yds t
that is,

that is, STT tic ds 4- STT
jV{c

2 -
(x
-

/i) -}
da.

J J
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'

The former of these integrals is 27r&s
;
the latter is equal to

2?r I V{c
2

(x Tif] dx,

which will reduce to 27r fc dx, that is, ^TTCX. Hence the sur-

face required is found Toy taking the expression 27r7cs 4- %TTCX

between proper limits. .,
- ',:'-' '<,-?

Area of Surfaces of Revolution. Polar Formulae.

168. It may be sometimes convenient to use polar co-

ordinates; thus from Art. 161 we deduce

8= 12iryd= \%iry-j^dd
I2irr sin ~

dO,

ds

169. Application to tlie Cardioide.

Here r a (1+ cos 6} ; thus

J- = a V{(1 + cos 0)
2+ sin

2

6}
= a V (2 + 2 cos 0)

= 2a cos r ;
CtC7 ^

therefore

S=* 47ra
2

f(l + cos 0) cos | sin 0dB = IG
2
fcos* - sin - d9

J " J ' a t

B
cos

6 -+G.
5; '2

The surface formed "by 'the revolution of the complete,
curve about the initial line will be obtained by taking

and TT as the limits of 6 in the integral. This gives '-?--
.
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Any Surface. Double Integration.

170. Let x, y, z be the co-ordinates of any point p of a
surface

;
x + AOJ, y + Ay, * + As the co-ordinates of an ad-

jacent point q. Through p draw a plane, parallel to that

of (x, s), and a plane parallel to that of (y, '%} ; also-throngh

# draw a
plane parallel to that of (x, z) and a plane parallel

to that or (y, zj. These planes will intercept an element pgr

of the curved surface, and .the projection of this element on

the plane of (x, y) will be the rectangle PQ. Suppose the

tangent plane to the surface at p to be inclined to the plane
of (so, y] at an angle 7, then it is known from solid geometry
that

/(. ,f**\*,(d*'sec 7 = A / {
1 + -7- +A / I \ H-y / V tV (.

^a"KJ v

where -^ and -^ must be found from the known equation to
dx dy

the surface. Now the area of PQ is Ace Ay, hence by solid

geometry the area of the element of the ..tangent plane at p of

which PQ is the projection is Aa; Ay. sec 7. We shall assume

that the limit of the sum of such' terms as Aa? Ay sec 7 for all
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values of so and y comprised between assigned limits is the

area of the surface corresponding to those limits. Let then 8
denote this surface ;

thus

the limits of the integrations being dependent upon the

portion of the surface considered.

171. With respect to the assumption in the preceding

Article, the reader is referred to the remarks on a similar

point in Dif. Gal. Art. 308 ;
he may also hereafter consult

fee Morgan's Differential and Integral Calculus, page 444,

and Homersham Cox's Integral -Calculus, page 96.

172. Application to the Sphere.

Let it be required to find the area of the eighth part of the

surface of the sphere given by the equation

dz _ x ^LEere
fa '

'

dy

Now in the figure we suppose OL = cc
; put y{

for LI, then

yi
= A/(

2 -ic2

),
for the value of yt

is obtained from the equa-

tion to the surface by supposing z = 0. If we integrate with

respect to y between the limits and y. ,
we sum up all the

elements comprised in a strip of which LMml is the projec-

tion on the plane of (as, y). Now

rvi
'

dy pi dy _ TT
f

_ ~ ira i 7

thus $= \dx.
A

If we integrate with respect to x from to a, we sum up
all the strips comprised in the surface of which OAB is the

\
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Tims is the required result; and therefore
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l
a

2~

the whole surface of the sphere is 4-Tra
2
.

If we integrate with respect to x first, we shall have

c_ f
a
f^1 ady dx

where x
t
=

A/(a
2

^
2

).

As another example let it be required to find the area of

that part of the surface given by the equation

#
2

-j- (x cos a +y sin a)
2 a2 = 0,

which is situated in the positive compartment of co-ordinates.

This surface is a right circular cylinder, having for its axia

the straight line determined by 2 = 0, ccosa + ysincc
= 0,

and a is the radius of a circular section of it. Here

dz __
cos a (x cos a -I- y sin a)

dx z '

dz _ sin a (x cos a -I- y sin a)

dy
~ ~

z
'

adxdy _ f f a dx dy
z J J */ [a? (x cos a. + y sin

a)'

2

}

'

The co-ordinate plane of
(a;, y] cuts the surface in the

straight lines a = + (x cos a + y sin a), and if the upper sign
be taken, we have a straight line lying in the positive quad-
rant of the plane of (x, y} .

To obtain the value of 8 we integrate first with respect to

y between the limits y and y=(a~x cos a) cosec a
;
now

. _! x cos. a + y sin a
Q J. JJ.

"-._....:--....... ---.-.
-

J

[a
2

(cccosa + T/sina)
1

*}
sm a

take this between the assigned limits, and we obtain

TT . _, x cos a\_ cm -1sm
Bin a V 2 a j

'
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therefore ^"sirTa J[%
~~ &m

a j

'

and the limits of the integration
are and^ . Hence we

shall find ,

sin a cos a

173 It is worthy of notice that two different surfaces

may have their corresponding elements of area equal.
^

Take

for example the surfaces determined by 2as = os.+ 2/, an<1

by az^xy, in each case

Euler has discussed this matter in a Memoir entitled

Evolutio insignia paradoxi circa cequatitatem sujperfoierwi.

Ncvi Comm. Acad. Petro^.
Tom. xiv. Pars prior.

He calls

two such surfaces superficies congruentts.

The following surfaces are congruent :

the cone (a
-

c)
2=

{(a?
- of+(y- Z>)

2

}
tan

3

<y,

and the plane a? cos cc +y cos /3 + a cos 7 =_>

Again, the surfaces determined by the following' equations

are congruent :
,

%az = {(a;

3 + y~Y
-4% + 2c

(as

9- ^
2

) + Z>
2
4- c

2

} S,

2a0 =
(a:

2 -
y*) cos -f Sajy sin 5 - f

<j> (6} d&,

where
<j> (&} is any function, of Q, and is a function, of # and

2/ determined by

174. Instead of taking the element of .the tangent piano
at any point of a surface, so that its projection shall be tho
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rectangle Ax Ay, it may be in some cases more convenient to

take it so that its projection shall "be the polar element rA0Ar.
Thus we shall have

$= 1 1 sec 7 rdO dr.

For example, suppose we require the area of the surface

sc.y
= az, which is cut off by the surface xz + y

s
c
2

;
here

snce

Thus
c^ro.i(n^\^\ o^= ( rM & = ~

{(c
2 + a')*

- a3

}.
7o Jo a 3a ^ ' j

175. Suppose xr sin ^ cos
<p, y=r&m.6 sin

<j6,
zr cos 61

,

so that r, d, <p
are the usual polar co-ordinates of a point in

space ;
then we shall shew hereafter that the equation

may be transformed into

An independent geometrical proof will be found in the

Gatnbridge and Dublin Mathematical Journal, Vol. IX., and
also in Carmichael's Treatise on the Calculus of Operations.
It will be remembered that in this formula r = V(a;

2 + 7/

2
4-

2

),

while in Art. 174 we denote V(^
2 + 2/

2

} ^7 r>

Approximate Values of Integrals. .

'

176. Suppose y a function of #, and that we require
'

' '
'

f

ydx. If the indefinite integral I ydx is known we can at
*

t _ ^
once' ascertain the required definite integral. If the inder.

finite integral is unknown/ we may still determine approxi-

mately the value of the definite integral. This process of
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approximation is "best illustrated by supposing y to be an ordi-
rc

nate of a curve so that I ydx represents a certain area.
J a

Divide c a into n parts each equal to Ji and draw n 1

ordinates at equal distances between the initial and final

orclinates; then the ordinates may be denoted by y^ yz , ......

yM 2/n+1 . Hence we may take

as an approximate value of the required area. Or we may
take

as an approximate value.

We may obtain another approximation thus
; suppose the

extremities of the rih and r + l|
th ordinates joined; thus we

have a trapezoid, the area of which is (yP +#-.) ^ie

sum of all such trapezoids gives as an approximate value of

the area

r
This result is in fact half the sum of the two former re-

sults. It is obvious we may make the approximation as close

as we please by sufficiently increasing n.

The following is another method of approximation. Let

a parabola be drawn having its axis parallel to that of y ;
let

,
?/i 2/2> 2/s ^present three equidistant, ordinates, Ji the distance

between yt
and y^ and therefore also between yz

and y3
.

Then it may be proved that the area contained between the.

parabola, the axis of cc, and the two extreme ordinates is

h,

This will be easily shewn by a figure, as the area consists of

a trapezoid and a parabolic segment, and the area of the

latter is known by Art. 143.
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Let us now suppose that n is even, so that the area we have
to estimate is divided into an even number of pieces. Then
assume that the area of the first two pieces is

that the area of the third and fourth pieces is

3

and so on. Thus we shall have finally as an approximate result

+ 20}-

Hence we have the following rule : add together the first

ordinate, the last ordiuate, twice the sum of all the other odd

ordinates, and four times the sum of all the even ordinates
;

then multiply the result by one-third the common distance

of the ordinates. This rule is called Simpson's 'Rule; see

Simpson's Mathematical Dissertations 1743, page 109.

177. Instead of referring to Art. 143 in the preceding

investigation we might have used the following method.

Assume for , the equation to the curve y A + Bx + Cb2

,

where A, B, and are constants; and let ylt yz , yz
denote

the values of y corresponding to the values 0, Ji, 2& of x

respectively, then

and from these equations we can express A, Bit, and Chs
in

terms of yL , yz , and y&
. The area contained between the

curve, the axis of x, and the two extreme ordinates

-/'.Jo

substitute the values of A, Bh, and C%2

,
and this 'expression

becomes



158 AREAS OP PLANE CUEYES AND OF SURFACES.

If the first of the three equidistant ordinates had been
drawn at any point sc = a, instead of the point x = 0, we
should have obtained the same result. For put x a + a/ in
the equation to the curve ;

the equation will become

where P, Q, and R are constants; and y^ y^ yg will now
denote the values of y corresponding to the values 0, h, 2h
of a/, so that the process and result will be as before.

If we take y =A -f- Bx -f Ox*+ JDx* for the equation to
the curve, then as we have only three equations cohnectino-
the/owr quantities A, M, GK\ and Dhs

with ?/l5 ?/2 , and y wo
cannot determine these four quantities; it 'is however worthy
of notice that the area will still be expressed by the formula
just given. For we have

and this is equal to

L
-

6t 1

?.
JJT investigate an analogous expression for tJiocase in which/OZr equidistant ordinates are Imown. Assumotor the equation to the curve v^A+Bv+Oa?* Dx\ and let

J/u y2 &, y* denote the values of y correspondiuc- to tlir.
values

5 h, 2k, Sh of cs
respectively. Then

g

4 '
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substitute the values of A, Bh, Ch*
}
and DJf, and this expres-

. Sh ,

'

, m
sion becomes (^ + 3#2 + 3y, 4- yj. This result was given

by Newton ;
see the end of his Methodus Dijferentialis.

Then proceeding as in the latter part of Art. 176 we ob-
tain the following

_
approximate rule, the whole area being

supposed divided into a number of pieces which is some
multiple of three : add together the first ordinate, the last

ordinate, twice the sum of every third ordinate, excluding
the first and the last, and three times the sum of all the other
ordiuates ;

then multiply the result by three-eighths of the
common distance of the ordinates.

EXAMPLES.

1. If A denbte the area contained between the catenary,
the axis of so, the axis of ?/, and an ordinate at the

, extremity of the arc s, shew that A cs. The arc 5

begins at the lowest point of the curve.

2. The whole area of the curve

!)*+ (!)'-

is $Trab. (The integration may be effected by as-

suming x= a, cos
8

$.)

3. Tlie
t

area of the durve' y (x* + a
2

)
= c

2

(a x) from x =
fir \

to c = a is c
2

f

log2J
.

4.
"
Find the whole area between the curve y"x

= 4a
2

(2a
and its asymptote. Result,

5. Find the whole area between, the curve y* (y?+ a?
)
= aV

'

^ .
and its asymptotes.

'

'

*
'

Result. 4a2
.
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6. Find the area of the loop of the curve ?/
2 =r J a-x

Result. 2a8 (l--V
V 47

7. Find the area bounded Iby the curve ?/
2 = x ^"t^2 anc?

the asymptote x = a
} excluding the loop,

Result. ,

8. Find the -whole area between the curve y
s

(2a x)=
and its asymptote. Result.

9. Find the whole area of the curve (y xf = as a?.

Result. 7TO
2
.

10. Find the area included between the curves

0. Result. ~.
o

11. Find the whole area of the curve a\f + ZV = a*lV.

Result, $ab.

12. Find the area of a loop of the curve a
2

?/*
= x* (a

2

x*}.

o 7* 4aa

Mesult. ~
.

5

13, The area between the tractory, the axis of y, and the
ire?

asymptote is -
. (See Art. 100, and Art. 134.)

14, Find the area of a loop of the curve

r. Result. ~ 2 -

Result. ~,
30

15, Find the area of the loop of the curve
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16. Find the area of the loop of the curve

2y
8

(a
9
+as

B)(a9 - 9

).

Result, a2

{3 V2 log (1 + V2)
-

2}.

17. Find the whole area of the curve

If (a
2 + xz

]
-

4a?/ (cf
-

x*) + (a
2 - xj = 0.

Result. O l

18. Find the area of the curve

sy* /yt

y = c sin - . log sin -
a a

from a; = to x = a7r. Result. 2ac(l log 2).

11 fx\
n

19. Find the area of the curve - = - between x = a and
o \aj

x /3, and from the result deduce the area of the hy-

perbola xy = a2
between the same limits.

20. Find the area of the ellipse whose equation is

77"

ax* + 2bxy + cy* 1. Result, r, -?$ .

21. Find the area of a loop of the curve r2 = a2
cos 20.

Result. .

22. Find the area contained by all the loops of the curve

r = a sin nO.
' 22

Result. or according as n is odd or even.

23.
* Find the area between the curves r = a cos nO and r = a.

24. Find the area of a loop of the curve r
2
cos = a2

sin 30.

Result. log 2.

T.I.C. 11
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25. Find the whole area of the curve r,= a (cos 20 + sin 20).

Result. ira

26. Find the area of a loop of the curve (x
z + y

2

)

8 =

27. Find the whole area of the curve

_
Result. -

Result.

28. Find the whole area of the curve

29. Find the area of the loop of the curve

/- axy + x3 - 0.
A

30. Find the area of the loop of the curve

T cos d = a cos 20. Result.
(2 )

a
2

\ 2/

31. Fjnd the area of the curve

3
7i2

being greater than Z>. Result. ^ -+ ^L~
.

32. In a logarithmic spiral find the area between the curve
and two radii vectores drawn from the pole.

33. Find the area between the conchoid r = a + 5 cosec 6
and two radii vectores drawn from the pole.

34. In
an_ ellipse find the area between the curve and two

radii vectores drawn from the centre.

35. In a parabola find the area between the curve and two
radii vectores drawn from, the vertex.
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36. Find the area included between the curve

r = a (sec Q + tan 6}

and its asymptote r cos 6 = 2a. Result. (-+2) a2
.

\2 /

37. The whole area of the curve r = a (2 cos 6 + 1) is

('o
/o\

2?r -\

J
,
and the area of the inner loop is

3V3"
a' TT -

38. Find the whole area of the curve r = a cos 9 + 5, where
a is greater than 5. Also find the area of the inner

loop.
'

39, If x and y be the co-ordinates of any point of an equi-
lateral hyperbola x* y

z = a2

,
shew that

Zit,

where u is the area intercepted between the curve, the

central radius vector drawn to the point (a;,?/),
and the

axis.

40. Find the whole area of the curve which is the locus of

the intersection of two normals to an ellipse at right

angles. Result. 7f(a b)*.

It may be shewn that the equation to the curve is

a ~ (a
2- IJ (a

2
sin

2
fl - 5

2
cos

2

fl)

(See Plane Go-ordinate Geometry, Example 53, Chap-
ter XIV.)

41. Find the area included within any arc traced by the

extremity of the radius vector of a spiral in a com-

plete revolution, and the straight line joining the ex-

tremities of the arc/ If, for example, the equation to

112
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, f\ \ n

the spiral be r = a(~-
} , prove that the area corre-

\27T/

spending to any value of 6 greater than 2?r is

B
'

(f 6 \
2n+1

/ 9\\ 1

42. Find the area contained between a parabola, its evolute,

and two radii of curvature of the parabola. (Art. 157.)

43. Find the area contained between a cycloid, its evolute,
and two radii of curvature of the cycloid.

44. Find the area of the surface generated by the revolution

round the axis of x of the curve osy
= /

2
.

X

45. Also of the curve y = ae e
.

46. Find the area of the surface generated by the revolution

c ?L ~~
of the catenary y = -

(e
c + e c

) round the axis of y.
2t

47. Shew that the whole surface of an oblate spheroid is

48. A cycloid revolves round the tangent at the vertex
;

32
shew that the whole surface generated is ira

s
,

o

49. A cycloid revolves round its base
;
shew that the whole

64
surface generated is ire?.

o

50. A cycloid revolves round its axis
; shew that the whole

surface generated is 87ra
2

(7r f).

51. The whole surface generated by the revolution of the

tractory round the axis of cc is 47rc
2
.
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52. A sphere is pierced perpendicularly to the plane of one

of its great circles by two right cylinders, of which
the diameters are equal ,to the radius of the sphere and

the axes pass through the middle points of two radii

that compose a diameter of this great circle. Find the

surface of that portion of the sphere not included

within the cylinders.

Result. Twice the square of the diameter of the

sphere.

53. Find the surface generated Iby the portion of the curve
OG

y=a + a log
- between the limits x = aJ ~ a

Result. 4:7ra? 1 + V(l + <?}
-^ + log

^ ))

r-

jrq
Find I

,
where d/S represents an element of surface,

and p the perpendicular from the origin upon the

tangent plane of the element, the integral being ex-
'

- '
-tended over the whole of the ellipsoid -5 + '

r a o
4- - = 1.

Result. -^ (a
2
5
a + 5V + cV) .

Saoc
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CHAPTEE VIIL

VOLUMES OF SOLIDS.

Formula involving Single Integration. Solid of
^Revolution.

178.
^

LET -A be a fixed point on a curve APQ, and Pany
other point on the curve whose co-ordinates are x and y and
suppose x algebraically greater than the abscissa of A

'

Let
the curve revolve round the axis of SB, and lot V denote the
volume of the solid "bounded by the surface generated by the
curve and by two planes perpendicular to the axis of oj, one
through A and the other through. P; then (Dif Oal Art.

"

dV

therefore V

** rrr/J/*

\^y\

From the equation to the curve y is a known function of a>

suppose ^ (a,) to be the integral of wf j tlien
'
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Let Fj denote the volume when the point P has a?
t
for its

abscissa, and V
z
the volume when the point P has x

z
for its

abscissa thus

f
x
a

therefore V2 V^
= ^ (aja) -^ (osj

= TT y"dx.
J Xl

179. Application to the Right Circular Gone,.

Let a straight line pass through the origin and make an

angle a with the axis' of x
;
then this straight line will gene-

rate a right circular cone "by revolving round the axis of x,

Here y = x tan a
;
thus

rr f , 2 27 7rtan
s
a sV I TT tan

2
a ara =

5 x + 0,

2

3 3N

a ^i >

Suppose ^ = 0, and let r = o;
2 tana; thus the volume

, 7rtan
2
aa;2

3
,, , . irr*x

T:r
, . _

becomes----, that is, . Hence the volume of
6 o

a right circular cone is one-third the product of the area of

the base into the altitude.

180. Application to the Sphere.

Here taking the origin at the centre of the sph
2 = a

2 xz

;
thus

ere we have

The volume of a hemisphere = I Try*dx
= ~^~ .

Jo o

181. Application to the Paraboloid.

Here the generating curve is the parabola, so that
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/* tf<
Thus VS-V^TT] ^axdx = 27r (oj'-cO- H

J *! . J

Suppose x
l
= 0, then the volume becomes 2a7rac

2

2
,
that is

i^sSC3 >
where 7/2

2 = 4ao:
2 ;

thus the volume is half that of a
cylinder which has the same height, namely a?

8 ,
and the same

"base, namely a circle of which y^ is the radius.

182. For another example we will take the solid gene-
rated by a cycloid which revolves round its axis

;
here (Dif.

Gal. Art. 358).
/Y*

y A/(2ao; x2

} + a vers"
1 -

.

Q>

The integration is best effected by putting for sc and y their

values in terms of (Dif Oal Art. 358). Thus

< TT [y dx
= Tra

3

[(0 + sin 6}* sin 6 d0.
J J

To obtain the volume generated by a semi-cycloid the
limits for x would be and 2a

;
thus the corresponding limits

for 6 are and IT.

Now

= - 2
cos 6 + %& sin + 2 cos 0,

therefore
[

*

6
Z
sin dB = 7r

2 - 4
j

/o

therefore 2 sin
2 ^ = ~

.

2
f*0 si

Jo

'
7T

And rsin0^2
[

2

sin
3^^ =

2.|. (Art. 35.)
Jo J o o

Thus the required volume
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183. This formula for the volume of a solid of revolution,

rry~dx}
like others which we have noticed, is one, the

4

truth of which is obvious, as soon as the notation of the Inte-

gral Calculus is understood. In the figure to Art. 7, if

PM be y and MN be denoted by Aaj, then Tr/Ax is 'the

volume of the solid generated by the revolution o'f MNpP
about the axis of x. Thus 2wry

a
Aaj will differ from the volume

generated by the revolution of ADEB by the sum of such
volumes as are generated by PpQ, and the latter sum will
vanish in the limit. Thus the volume generated by the revo-
lution of ADEB is equal to the limit of ^Tr/Acc, that is, to

try^dx.

184. Similarly, if F denote the volume bounded by the
surface formed by a curve which revolves round the axis of y,
and by planes perpendicular to the axis of y, we shall have

F= \Trx*dy.

And, as in Art. 178, we shall have

rya
F

2 V
i
=

185. Suppose two curves to revolve round the axis of x,
and thus to generate two surfaces, and that we require the

difference of two volumes, one bounded by the first surface

and by planes perpendicular to the axis of x, and the other

bounded by the second surface and by the planes already

assigned. Let y <f) (x) be the equation to the first curve,
and y = ty (x) that to the second. Then if F denote the

required difference, we have

F=
\ir {< (x] }*dx

- AT ty (x)}*dx

-{* (a)}*] <&
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If the planes which bound the required volume are de-
termined by x = x

1
and a?=a;

2 ,
we must integrate between

the limits x^ and x
z
for cc.

' For a simple case suppose that a closed curve is such that
the straight line y~ a bisects every ordinate parallel to the axis
of y; then we have

tj> (x) a+ % (x) and ty (x)
= a % (x) ,

where % (x) denotes some function of x. Thus

and V= TT 1 4ay (x) dx,
J

Suppose the abscisses of the extreme points of the curve
are x

a and x
1 ,

then the volume generated by the revolution
fa's

of the closed curve round the axis of x is 4a?r I % (x) dx.
J Xi

rx2
And 2 I '% (a;) dx is the area of the closed curve, so that the

volume is equal to the product of 2a?r into the area. This
demonstration supposes that the generating curve lies entirely
on one side of the axis of x.

If the generating curve be the circle given by

we have Trc
2
for its area, and therefore 2/fccV

2
for the volume

generated by the revolution of it round the axis of x.

186. In a similar way if the curves x = $(y), & = ^ (?/),

revolve round the axis of?/ we obtain for the volume bounded

by these surfaces and by planes perpendicular to the axis of y

187.
_

The method given in Art. 178 for finding the volume
of a solid of revolution may be adapted to any solid. The
method may be described thus : conceive the solid cut up into
thin slices by a series of parallel planes,

1 estimate approxi-
mately the volume of each slice and add these volumes

;
the

limit of this sum when each slice becomes indefinitely thin is

the volume of the solid required.- Suppose that a solid is cut
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up into slices "by planes perpendicular to the axis of x
;

let

< (x} be the area of a section of the solid made Tby a plane
which is at a distance x from the origin, and let x + Ace be
the distance of the next plane from the origin ;

thus these

two planes intercept a slice of which the thickness is Ax, and
of which the volume may be represented by <p (x) Ace. The
volume of the solid will therefore be the limit of 2$ (ce) Ace,

that is, it will be I
<f> (x) dx ;

the limits of the integration will

depend upon the particular solid or portion of a solid under
consideration.

For example take a prism as defined in Euclid, Book XI.

Cut up the prism into slices ,by planes which are parallel to

the two equal and similar ends; take the axis of x perpen-
dicular to the two ends. Thus < (x} is a constant, say A ;

the

volume of the prism = I A dx = Alt, where Ti is the perpen-

dicular distance between the two equal and similar ends.

188. Application to an Ellipsoid.

The equation to the ellipsoid is

if a section be made by a plane perpendicular to the axis of x
at a distance x from the origin, the boundary of the section is

'

--
f / f x\

an ellipse, of which the semiaxes are ~b A / (
1 2

and
1 V V ft /

A / (
1 --2 )

;
hence the area of this ellipse is irbc

(
1

/

y \ Cd J \

this is therefore the value of <p (x). Hence the volume of

the ellipsoid

f / C
2
\ , 47= TTOO 1 --5 }dx =La \ a/

189. Application to a Pyramid.

Let there be a pyramid, the base of which is any rectilinear

figure; let A be the area of the base and Ji the height..
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Take the origin of co-ordinates at the vertex of the pyramid,
and the axis of co perpendicular to the base of the pyramid,
then the volume of the pyramid

f) (x) dx.

Now the section of the pyramid made by any plane paral-
lel to the base is a rectilinear figure similar to the base, and

the areas of similar figures are as the squares of their homolo-

gous sides; and a; and A are proportional to homologous sides;

hence we infer that

Thus the volume of the pyramid

A h
, _ Ali~~~

This investigation also holds for a ,cone, the base of which is

any closed curve.

190. For another example we will find the volume lying
between an hyperboloid of one sheet, its asymptotic cone, and

two planes perpendicular to their common axis.

Let the equation to the hyperboloid be

and that to the cone

If a section of the former surface be made by a plane

perpendicular to the axis of x and at a distance x from
the origin, the boundary is an ellipse of which the area is

fa? \
irbo (

-4 + 1
;

the section of the second surface made by
\a )

' J

the same plane also has an ellipse for its boundary, and its
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7, 2

area is
^
^ . Therefore the difference of the areas is irbc.

a"

Hence the required volume, supposing it bounded by the

planes x x^ and x = x
2 ,

is

irbcdx, that is, Trie (xz ajj. i

191. Sometimes it may be convenient to make sections

by parallel planes not perpendicular to the axis of x. If a

be the inclination of the axis of x to the parallel planes, then

<j> (x) sin aAa? may be taken as the volume of a slice
ancj.."'

tEe" integration performed as before.
'

v 192. The remarks made in Arts. 176 and 177 have an

application to the subject of the present Chapter.

Let there be a solid such that the area of a section made

by a plane parallel to a fixed plane and at a distance x from

it is always equal to P+ Qx + Ex2 + $ 3

,
where P, Q, E, S

are constants. Let. three equidistant sections of tlie solid be

made by planes parallel to the fixed plane, 2A being the dis-

tance between the two extreme sections. Let the area of the

sections, taken in order, be denoted by 4 4> Ar Tnen
the volume of the portion of the solid contained between the

two extreme sections is equal to

-(4+44+4)'

Iffour equidistant sections be made, 3h being the distance

between the extreme sections, and the area of the sections

taken in order be denoted by 4, 4> 4> 4> ^ien t^ie vo -'-u:me

of the portion of the solid contained between the two extreme

sections is equal to

37?

^(4 + 34+34 + 4).
o

Hence we may obtain rules for estimating approximately
the volume of any solid. Make equidistant parallel sections

;

the areas of these sections must then take the place of the

ordinates which occur in the Rules given at the ends of Arts.

176 and 177.
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Formulae involving Double Integration.

M

193. We will first give a formula for the volume of a solid

of revolution. In the figure, let x, y "be the co-ordinates of s,

and ss + Afl3, y + ky those of t. Suppose the whole figure to

revolve round the axis of x, then the element st will generate
a ring, the volume of which will "be ultimately 2rry Ao; A?/ :

this follows from the consideration that Ace Ay is the area of

st and 2iry the perimeter of the circle described by s. Hence
the volume generated "by the figure BEeb, or "by any portion
of it, will be the limit of the sum of such terms as 27r?/ AceAy.
Let V denote the required volume, then

n= 27r 1 1 y dx dy ;

J J

the limits of the integration "being so taken as to include all

the elements of the required volume.

194. Suppose, that the volume required is that which is

obtained "by the revolution of all the figure BEeb ;
let y= (j>(x]

be the equation to the upper curve, y = ^r(x] that to tlie lower

curve, and let 00 =0^, OH=x
2

. We should then integrate
first with respect to y "between the limits y ty (x) and
?/==< (03); we thus sum up all the elements like STTT/AKAT/
which are contained in the solid formed Vy the revolution of
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the strip PQqp ;
then we integrate with respect to x between

the limits x
:
and x

z
. Thus to express the operation sym-

bolically
*)

ydxdy

The second expression is obtained by effecting the integra-
tion with respect to y between the assigned limits, and it

coincides with that already obtained in Art. 185.

195. Thus in the preceding Article we divide the solid

into elementary rings, of which 27ry Aa? Ay is the type; in

the first integration we collect a number of these rings, so as

to form a figure, which is the difference of two concentric

circular slices
;
in the second integration we collect all these

figures and thus obtain the volume of the required solid.

The truth of the formulae of the preceding Article is obvious

as soon as the notation of the Integral Calculus is understood.

196. Suppose the figure which revolves round the axis of

x to be bounded by the curves x = tj>(y) and x=ty(y}, and

by the straight lines y = yt and y = y2 ;
then in applying the

formula for V it will be convenient to integrate first with

respect to x
;
thus

rr />/*<> , 7F= 2?r I ydydx.
J

2/1
J * (y)

In this case in the integration with respect to x we collect

all the elements like 2?ry Ay Aa? which have the same radius

y, so that the sum of the elements is a thin cylindrical shell,

of which Ay is the thickness, y is the radius, and
<jf> (y) ^ (y)

the height. Tims'

197. As an example of the preceding formulas, let it be

required to find the volume of the solid generated by the re-
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volution of the area ALB round the axis of x in the figure

already given in Art. 141. This volume is the excess of the

hemisphere generated by the revolution of SLB over the para-
boloid generated by the revolution of ASL; the result is

therefore known, and we propose the example, not for the

sake of the result, but for illustration of the formulae of double

integration.

Let S be the origin. Suppose the positive direction of the

axis of x to the left, then the equation to AL is y*
= 4a (a x)

and that to BL is y*
= 4a2 xz

. Let V be the required volume,
then

/2ft M4a2
_2/

2
)

F= I I Zirydy dx.
Jo J 4 s

-;/
8

If "we wish to integrate with respect to y first, we must, as

in Art. 141, suppose the figure ALB divided into two parts ;

thus

nvW-a

2
) ractjVtea

2-^)

STTZ/ dx dy + I STTT/ dx dy.
v'(ta

a
_4rto;) J a J

Again, let it be required to find the volume generated by
the revolution ofLD G about the axis of x. Let the positive
direction of the axis of x be now to the right, then the equa-
tion to LO is y

i = 4a (a + x) and that to LD is y
s = 4a2 x\

Let V be the required volume, then

rza r

F=l
JO J

If we wish to integrate -with respect to x first, we must, as

in Art. 141, suppose the figure LDO divided into two parts ;

thus

n2a
raaVSTSa

2-7TZ/ dy dx + I I 27TV dy dx.
. V(4aa_ya

) J 2a 'A-a2

ia,

198. Similarly, i a solid is formed by the revolution of

a curve round the axis of y, we have
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199. We now proceed to consider any solid.

177

Let x, y}
z "be the co-ordinates of any point p of a

surface, x + Aas, y + Ay, z + A0 the co-ordinates of an adja-
cent point g_. Through p draw planes parallel to the co-ordi-

nate planes of (x, z) and (y, z) ; through q also draw planes

parallel to the same co-ordinate planes. These four planes
will include between them a column, of which PQ is the base

and Pp the height The volume of this column will be ulti-

mately ^AicA?/, and the volume between an assigned portion
of the given surface and the plane of (x, y} will be found by
taking the limit of the sum of a series of terms like sAajA?/.
Let V denote this volume, then

rr

V \\zdxdy.

The equation to the surface gives s as a function of x and

y ; the limits of the integration must be taken so as to include

'all the elements of the proposed solid,

T. T, C. 12
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If we integrate first with respect to y, we sum up the

columns which form a slice comprised between two planes per-

pendicular to the axis of x
\
thus the limits of integration with

respect to y may "be functions of x, and we shall obtain

where f(x) is in fact the area of the section of the solid consi-

dered made by a plane perpendicular to the axis of a? at a
distance x from the origin. Then finally

F=
J

this coincides with the formula already given in Art. 187.

200. Application to the, Ellipsoid.

Let it be required to find the volume of the eighth part of
t3ie ellipsoid determined by the equation

o o o
X" If Z__L. t/_ I__

a i i > T <>

a b" c

Here we have to find

First integrate with respect to y, then the limits of if are
/ / 2\

and LI, that is, and b . /(I
-
^) ; we thus obtain the sum

of all the columns which form the slice between the planes
Lpl and Mgm. Now between the assigned limits

The limits of x are ,0 and a; we thus obtain tlie sum of
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all the slices which are comprised in the solid OASO. Hence

F-=f5.

201. Suppose the given surface to be determined by ;*

#?y=.a, and we require the volume bounded by the plane X
of (x, y], by the given surface, and by the four planes x = ar, ,

x x
z , y=?/i, y~yz

f Here the volume is given by

where ^, 2!
2J 3 , ^ are the ordinates of the four corner points

of the selected portion.

202. Find the volume comprised between the plane z

and the surfaces xy = #2; and
(a? 7a)

a

+(y-~ Icf = c
2
.

r r ^C
1

?/

Here we have to integrate \\ dx dy between limits de-
J J Q>

termined by (a?
-

h)
a + (y

-
k}

s - (?.

r v
2

'Now \y dy
=

-, and the limits of y are
J 2

Ic - V(c
2 ~

(
-W

Thus we obtain

Tims finally the required volume

where the limits of a; are h c and /a + c.

1 9_:>
4. -W

......

-&
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And .

x V{c
2 -

(x
-

li}*}
dx = (x~h) VK- (a?-

Put x 7i = t\ thus we obtain

f dt.

The limits of * are c and + c
; therefore the result is

AcV -,
.-, -11 lik<?ir-

;
and the required volume is- .

a ft

This result however assumes that xy is positive throughout
the limits of the integration ;

that is, the circle determined by
(x Ji)

2

+(y~Kf=-c" is supposed to lie entirely in the first

quadrant or entirely in the third quadrant. If this condition

be not fulfilled our result does not give the arithmetical value

of the volume, but the balance arising from estimating some

part of the volume as positive and some part as negative; for

example, if It and Jo vanish our result vanishes.

Similarly in the result of the preceding Article, it is assum-
ed that xy is positive throughout the limits of the integration,

. ,. 203. Instead of dividing a solid into columns standing
on rectangular bases, so that zl^xb^y is the volume of the

column, we may divide it into columns standing on the

polar element of area; hence 0r&8Ar is the volume of the

column. Therefore for the volume V of a solid we have the

formula

From the equation to the surface z must be expressed as a

function of r and 0.

For example, required the volume comprised between the

plane = 0, and the surfaces
2 + y

2 = i.as and y* 2cx x\
y%

Here z =
\
and the limits of r and 6 must .be such as .to
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extend the integration over the whole area of the circle

y
n~ = 2cx - x2

. Let r
{

2c cos 6
;
then the required volume

fi'
r

/"'! r3
1

I ^-d6dr
-lirJ *a

a o

2c
4

3 1 TT

.7.0-0a 4 2 2

37TC
4

. . A nrN
(Art. 35)^

/ ,,,,..
204 Eequired the volume of the solid comprised

between

the plane of
(as, y] and the surface whose equation is

_0*_+J/f
= ae c

"

.

Here, since a;
2 + ?/

2 = >-
2

,

V=all e^rdddr.

The surface extends to an infinite distance from the origin
in every direction

;
thus the limits of Q are and STT, and

those of v are and <x> .

Now
/
_f e"e

a

e e"rdr = -- c
2

;

J 2

-

thus
'

o

And
J o

. Hence the required volume is
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Formulas involving Triple Integration,

205. In the figure to Art 199, suppose we draw a series
of planes perpendicular to the axis of

; let z be the distance
of one plane from the origin and z + &z the distance of the
next. These planes intercept from the column pqPQ an
elementary rectangular parallelepiped, the volume of which is

Az&yAz. The whole solid may be considered as the limit
of the sum of such elements. Hence if V denote its volume

V \ \ \ dxdydz.
J

J
J J *

206. Required the volume of a portion of the cylinder
determined by the equation

2an = 0,
*

which is intercepted "between the planes

z ~ x tan a and ss x tan /3.

Here if ^ stand for A/(2a
- a;

2

), we have

tan/3

dxdydz
x tail

(tan {3 tan a) % dx dy

- 2 (tan
- tan a) /

"a; */(2ax ~ Xs
}

J o

.
207. The polar element of plane area is, as we have seenm pwrnons Articles, rAd Ar. Suppose this were toTevolveround the initial line through an angle 2vr, then a solid ri

"

would be generated, of which" the volume is ^r sin fr0
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since 27rr sin 9 is the circumference of the circle described "by

the point whose polar co-ordinates are r and 8. Let < denote

the angle which the plane of the element in any position
makes with the initial position of the plane, </>

+ A< the "angle

which the plane in a consecutive position makes with ti\e

initial plane ;
then the part of the solid ring which is inter-

cepted between the revolving plane in these two positions is

to the whole ring in the same proportion as Aq!> is to STT.

Hence the volume of this intercepted part is

r
2
sin 6 A< A0 A?-.

This is therefore an expression in polar co-ordinates for an
element of any solid. Hence the volume of the whole solid

may be found by taking the limit of the sum of such ele-

ments
;
that is, if V denote the required volume,

The limits of the integration must be so taken as to in-

clude in the integration all the elements of the proposed solid.

The student will remember that r denotes the distance of any
point from the origin, 8 the angle which this distance makes
with some fixed straight line through the origin, and

<p
the

angle which the plane passing through this distance and the

fixed straight line makes with some fixed plane passing
through the fixed straight line.

208. Suppose, for example, that we apply the formula to

find the volume of the eighth part of a sphere. Integrate
with respect to r first

;
we have

r3

dr = .

o

Suppose a the radius of the sphere, then the limits of r are

and a
;
thus

In thus integrating with respect to r, we collect all the

elements like r
a sin# A< A0 Ar which compose a pyramidal
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solid, liaviij^ its vertex at the centre of the sphere, and for its

base the- -curvilinear element of spherical surface, which is

denoted ~by a2
sin 6

Integrate next with respect to 9
;
we have

sin 6 d6 cos 6
;

the limits of 6 are and - thus
jQ

In thus integrating with respect to 0, we collect all the

pyramids similar to sin 6 A< A# which form a wedge-O

shaped slice of the solid contained "between the two planes

through the fixed straight line corresponding to
<p
and

Lastly, integrate with respect to < from to
;
thus

2

6
'

In this example the integrations may be performed in any
order, and the student should examine and illustrate them.

209. A right cone has its vertex on the surface of a

sphere, and its axis coincident with the diameter of the

sphere passing through that point; find the volume com-
mon to the cone and the sphere.

Let a be the radius of the sphere ;
a the semi-vertical

angle of the cone, V the required volume, then the polar

equation to the sphere with the vertex of the cone as origin
is r = 2a cos 0. Therefore

j o J o

210. The curve r = a (1 + cos 9} revolves round the ini

tial line, find the volume of the solid generated.
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Here the required volume

a(l+cosfl)

r* sin 6 dd d<p dr
J JO

"(l + cos^'sinfldfl.

It will be found that this = .

o

EXAMPLES.

1. If the curve ?/ (x ia) = ax (x 3a) revolve round the

axis of x, the volume generated from x = to x =* 3a
o

*7TV7

is ^-(15 -16 log 2).
^

2. A cycloid revolves round the tangent at the vertex;
shew that the volume generated by the curve is TrV.

8. A cycloid revolves round its base; shew that the

volume generated by the curve is 57r
2a3

.

4. The curve ?/(2a x) x
3

revolves round its asymp-
tote

;
shew that the volume generated is 27rV.

5. The curve xy* = 4-ft
a

(2a x) revolves round its asymp-
tote

;
shew that the volume generated is 47rV.

6. Find the volume of the closed portion of the solid

generated by the revolution of the curve (y^WY=a
s

round the axis of y.

p ,, 256
Result. --

7. Express the volume of a frustum of a sphere in terms of

its height and the radii of its ends.

Result. .A'+S' + r".
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8. If the curve y
2= 2ma? + nx* revolve about the axis of a?,

find the volume of any frustum
;
and shew that it

may be expressed either by
irk ,, 2 o , 72^ i i/o, nll?\

(o 4- o w/i
)
or by TT/Z. ( 9 +

-r^" j
>

W \ * J-f /

where A is the altitude of the frustum and b, c, r are

the radii of its two ends and middle section. Deduce

expressions for the volume of a cone and spheroid,

9. Find by integration the volume included between a.

right cone whose vertical angle is CO
,
and a sphere

of given radius touching it along a circle.

Result.
6

10. If a paraboloid have its vertex in the base, and axis in

the surface of a cylinder, the cylinder will be divided
into parts which are as 3 : 5 by the surface of the

paraboloid; the altitude and diameter of the base 'of

the cylinder and the latus rectum of the paraboloid
being all equal.

11. A paraboloid of revolution and a right cone have the
same base, axis, and vertex, and a sphere is described

upon this axis as diameter
;
shew that the volume in-

tercepted between the paraboloid and cone bears the
same ratio to the volume of the sphere that the latus
rectum of the parabola bears to the diameter of the

sphere.

12. Find the whole volume of the solid bounded by the
surface of which the equation is

?
= 1.

n '

7,
Mesutt.

13. Find the whole volume of the solid bounded by the
surface of which the equation is

Result. -~
a",

a
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14. Find the volume of the solid formed Tby the revolution

of the curve (x
2 + y

2

)

2 = a?x
2 + ffy* about the axis of se,

supposing a greater than 5. Shew what the result

becomes when a = 5.

4
i +V(

2 ~^2

)-*.

15. Determine the volume of the solid generated by the re-

volution of the curve (a^ + ^
2

)

2 = aV+&2

?/

2 about the

axis of y, supposing a greater than b. Shew what
the result becomes when a = l>.

T> Ij.
7r Ar>72 . o 2\ 7. ,

ITO,* . _, J (df V)
Hesult. ~ (W + 3a ) I + sin ^-

.

16. Find the volume of the solid formed by the revolution

of the curve
(?/

2+ a;
2

)

2 = a2

(x
2

y) round the axis of as.

17. A paraboloid of revolution has its axis coincident with
a diameter of a sphere, and

'

its vertex outside the

sphere ;
find the volume of the portion of the sphere

outside the paraboloid.

Result.
,
where Ti is the distance of the two

o

planes in which the curves of intersection of the sur-

faces are situated.

18. Find the volume cut off from the surface

by a plane parallel to that of (y, z) at a distance a
from it. Result. Trd**J(bc).

19. A quadrant of an ellipse revolves round a tangent at

the end of the minor axis of the ellipse; shew that
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the volume included by the surface formed by the

curve is

^- (10
-

STT).

2.0. Find the volume enclosed by the surfaces defined by
the equations

illustrating by figures the progress of the summation.

Result. -
.

32c

21. If 8 be a closed surface, dS an element of
_

8 about a

point P at a distance r from a fixed point (9, and

(j)
the angle which the normal at P drawn inwards

makes with the radius vector OP* shew that the

volume contained by the surface

= i
I r cos

(j> dS,

the summation being extended over the whole sur-

face.

Taking the centre of an ellipsoid as the point 0,

apply this formula to find its volume, interpreting geo-

metrically the steps of the integration.

22. Find the value of 1 1 1 xz dx dy d& over the volume of an
J J J

ellipsoid. Result. -
.

15

23. Determine the limits of integration in order' to obtain

the volume contained between the plane of (x, y) and
the surface whose equation is

Aa? + Bxy + Gy
z Da F~ 0.

24. State the limits of the integration to, be used in apply-
fff

ing the formula dx dy dz to find the volume of a

closed surface of the second order whose equation is

ax2

-f fo/
2
4- as

2 + ct'yz -f Vxz 4- c'xy
= 1.
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25. State between what limits the integrations in

, rrr
III dxdydz
J J J

must be performed, in order to obtain the volume

contained between the conical surface whose equa-
tion is

and the planes whose equations are xz and # = 0;
and find the volume by this or by any other method.

2a
3

Result. -~-
.

<J

26. State between what limits the integrations must be
taken in order to find the volume of the solid con-

tained between the two surfaces cz = mxz + ny
z and

Q

7TG
and shew that the volume is - when

o

27. A cavity is just large enough to allow of the complete
revolution of a circular disc of radius c, whose centre

describes a circle of the same radius c, while the plane
of the disc is constantly parallel to a fixed plane, and

perpendicular to that of the circle in which its centre-

moves. Shew that the volume of the cavity is

o,.s

3 (37T + 8).

28. The axis of a right cone coincides with a generating
line of a cylinder; the diameter of both cone and

cylinder is equal to the common altitude; find the

surface and volume of each part into which the cone is

divided by the cylinder.

Results.

o , 47TA/5-3V15 o ,

Surfaces,
-

,
- a 'and

D
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, ?r -- ~
, , -

* --n-
,

\ omrnes,
-- a3 and-^

- a3
:

y # y

where a, is the radius of the "base of the cone or

cylinder.

29. Find the volume of the cono-cuneus determined by

which is contained between the planes x and x a. '*?

Result. --
.

SO. A conoid is generated by a straight line which passes

through the axis of z and is perpendicular to it. Two
sections are made by parallel planes, both planes

being parallel to the axis of z. Shew that the

volume of the conoid included between the planes is

equal to the product of the distance of the planes into

half the sum of the areas of the sections made by the

planes.
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CHAPTER IX.

DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO ANY

QUANTITY WHICH IT MAY INYOLVE.

211. IT is sometimes necessary to differentiate an inte-

gral with respect to some quantity which it involves; this

question we shall now consider.

Required the differential coefficient of
<f> (x) dx with

a

respect to
Z>, supposing <'(#) not to contain I, and a to Ibe

independent of b.

fl)

Let u = I (p () dx
;

J a

suppose 5 changed into & + A&, in consequence of which
u "becomes u + AM

;
thus

T& +A&

u -f AM =1 <p(x) dx;
J a

therefore &u = I

<j> (x) dx I $ (x) dx
J a J a

&+A&

<p (x) dx.
b

Now, Toy Art. 40,

& +A&

where 6 is some proper fraction
;
thus
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Let A5 and Aw diminish, without limit
;
thus

du

212. Similarly, if we differentiate u with respect to a,

supposing c/> (as)
not to contain a, and & to be independent

of a, we obtain

- _ ty .u/J.

da T x

213. Suppose ff> (x) to contain a quantity c, and let it

be required to find the differential coefficient of I < (x) dx

with respect to c, supposing a and I independent of c.

Instead of $(x) it will "be convenient to write
<f}'(x, c),

so that the presence of the' quantity c may be more clearly

indicated
;
denote the integral by u, thus

f
&

u = I

(j) (so, c)
dx.

J a

Suppose c changed into c + Ac, in consequence of which u
becomes u + Az*

;
thus

f
&

u + &u I $ (x, c + Ac) dx;
J ft

ri> ri>

therefore Aw = <
(a?,

c + Ac) c?tc I ^ (07, c) dx
J a J a

rb
=

{^) (fl3,
C + Ac) (56 (x, G)} dx

'

J a

Ac
'

by the nature of a differential coefficient we have

$ (ss, c 4- Ac) <f) (x, c] __
<& (x, c}

Ac efc ,
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where p is a quantity which diminishes without limit when
Ac does so. Thus we have

Aw f & dd> (x, c] ,
.

f &
7=

|

~
v i cfx+ I p ax.

Ac J a dc J a
r

When Ac is diminished indefinitely, the second integral
vanishes

;
for it is not greater than (b a) p, where p' is

the greatest value p can have, and p ultimately vanishes.

Hence proceeding to the limit, we have

du _ /"
&
d<$> (x, c) ,

dc J a dc

214. It should be noticed that the preceding Article sup-

poses that neither a nor b is infinite
; if, for example, b were

infinite, we' could not assert that (b a) p would necessarily
>

vanish in the limit.

215. "We have shewn then in Art. 213 that **

d_

dc
t

We will point out a useful application of this eqi

Suppose that -^ (x, c) is the function of which
(p (xa

. the differential coefficient with respect to x, and that %
*

isJhe function of which 7

*

is the differential coeffie.
dc

with respect to x
;
thus (1) may be written

"
'

-

let us suppose that b does not occur in <j)(x, c), and that

a is also independent of b; -then (2) may be written

f*\
(3),

where denotes terms which are independent of b, that

is, are constant with respect to b. Hence as b may have

T. i. c. 13
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any value we please in (3), we may replace -6 "by x, and

write

(4).

This equation may "be applied to find % (x, c) ; _as
the

constant may be introduced if required, we may dispense

with writing it, and put (4) in the form

For example, let <> (x, c)
=

a~a 5

JL ~T~ G X

f / x 7 C
6 (x, c}dx~\ -

J
r ^ ' ;

J 1

dx 1 , -i= - tan ex,2-0+ cV c

d fl , ., \ f d 1
-- -' = -=-
-j-

- -=-
, ,

,

ofc \c / J ac \1 + c a;7

s.

becoin

.nus from knowing the value of I a a we are able to
J i ~r C X

Deduce by differentiation the value of the more complex

integral I -7- ^-^.dx.
J (1 + car)

r*

216. Required the differential coefficient of
<j> (xt c) dx

J a

with respect to c when both 5 and a are functions of c.

Denote the integral by u
;
then ~ consists of three terms,

one arising from the fact that
<j> (x, c) contains c, one from

the fact that b contains c, and one from the fact that a

contains c.
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Hence by the preceding Articles,

du _ f
6
d<f> (#, c) , eZw $ Jw <

<c J a c?c db do da do

<$> (x, c) ,
i

,
,, . db . , da,

217. "With, the suppositions of the preceding Article we
dzu

may proceed to find -r-^ . By differentiating with respect to c
ClC

the term I
-^- f' c?i we obtain

Ja ac

/
5
<^

2

(/> (a?, c) , dty (5, c) J5 cZ^> (a, c) da

J a dc? do do do do'

fyijf

From the other terms in -j~ we obtain by differentiation

rp,Thus

, , d2a d(f> (a, c) fda\* d<j) (a, c) da
~~ (D { Qi. C]

......

7 'A- "~-s- I -5 I
-:- 5 .r v do da \dc/ do dc

^2W pd^(x,G),-TT=
r

, g gfo;

Jc2
J a dc*

a, c) /JaV c?^> (a, c)

w
Similarly ^ may be found and higher differential co-

efficients of u if required.

132
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218. The following geometrical
illustration may be given ,

of Art. 216.

M M

Let y = <j>(ai, G) 1)6' the equation to the curve A.PQ, and

y= tf> (a?,
c + Ac) the equation to the curve A'P Q'.

Let

Then u denotes the area PMNQ, and u + AM denotes the

a?e&P'M'N'Q\ Hence

Aw = P'pqQ + QNN'q - PMM'p,

PMM'p .

l

Ac
'and +

Ac Ac Ac

It may easily be seen that the limit of the first term is the

limit of

second term is the limit of <

(6, c) -r-
, and that the limit

/AC

of the third term is the limit of
(a, c) ~, This gives the

result of Art. 216.
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219. Example. Find a curve such that the area "between
the curve, the axis of te, and any ordinate, shall bear a con-
stant ratio to the rectangle contained by that ordinate and the

corresponding abscissa.

Suppose <
(a?)

the ordinate of the curve to the abscissa x
;

re

then I < (x) dx expresses the area between the curve, the
Jo

axis of x, and the ordinate
<j> (c) : hence by supposition we

must have

[ , , , j
I <b (x) dx =
Jo

where n is some constant. This is to hold for all values of c
;

hence we may differentiate with respect to c
;
thus

' n n

therefore
ccf)' (c) (n 1) </> (c),

, f (c) n - 1
and -T7x=-

<MC
)

c

By integration log <

(c)
= (n l] log c -f constant ;

thus
</> (c)

= Ac'1
'1

,

where A is some constant
;
thas we have finally

<
(as)

= Axn
~\

which determines the required curve.

- 220. Find the form of < (#), so that for all values of c

/'Jo

By the supposition

p c r
Jo

" n J o
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Differentiate with respect to' c
; thus

Differentiate again with respect to c ;

thus
(l

-
1)

{< (c)}
2 + 2c

(l

-
)

<
(c) $ (c)

=

hence l-^(o)+2ol-f (c)-0;

>' (c) 2 -. ,

therefore -TTT - TTT
-

r\
~

-

<f> (c) 2 (n 1) c

Integrate; thus

2 _ yj

log (c)
= .
-~r log c + constant

;
(7^ "~~

J. )

therefore <
(c)
=

%vhere A is some constant ; thus we have finally

_ 2-n

(j> (x)
= Ax^n-V

.

This is the solution of a problem in Analytical Statics,
\vhich may Ibe enunciated thus. The distance of the centre

of gravity of a segment of a solid of revolution from the

vertex is always -th part of the height of the segment; find

the generating curve. The required equation is y = <
(a?).

221. Find the form of A (x) so that the integral f ^M^-
Jo V(c-aO

may "be independent of c, supposing that ( (x) is independent
of c.

Denote the integral by u, and suppose oa = cs
;
thus

- (a?) <&P _ f
1
VQ ^ (eg)~
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Since u is to be independent of c, the differential coefficient

of u with respect to o must vanish. Now

,
-

V(l-*0 o 2cV(c-a!)

This last integral then must vanish whatever c may he.
-If

<f>-(x)
were not independent of c, this would not necessarily

^equire that
<j> (x) + %x

<f> (as)
should always vanish

;
for such

* CO
yyfl-

an integral as I cos dx vanishes whatever c may he. But
Jo c

since < (x) is supposed independent of c, we must have

>
(a?)

= 0.

For suppose that <

(a;) + 2#
<f>' (03)

is not always zero ; then as

x increases from the sign of
<j> (x} + 2x $ (x) will remain

unchanged through some interval, which does not depend on

X-T mi * ,. i r
a

<3E>(a;) + 2a;^)'(a3) T

c, say until a; = a. Thus the integral
~

j-;
1

\-
L ax

j o ACL v [Of as)

cannot vanish, since every element is of the. same sign.

Hence we see that
<p (x) + 2x

<j>' (x} must be zero.

Therefore jr4 = -^-J$ (x) 2x

therefore log <f> (x}
= - ^ log x 4- constant,

therefore ^

(f>(x} r- ,
'

>yX

where A is some constant.

This is the solution of a problem in Dynamics, which may
be thus enunciated. Find a curve, such that the time of

falling down an arc of the curve from any point to the lowest

point may be the same. If 5 denote the arc of the
_

curve

measured from the lowest point, x the horizontal abscissa ot

the extremity of s, then we have

-

dx ^

so that the curve is a cycloid (Art. 72)
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MISCELLANEOUS EXAMPLES.
*

^
1. If the straight line P

a
P

2
P

8
meet three successive revo-

lutions of an equiangular spiral,
whose equation is

r
.

= a6
,
at the points P,, P,, P3,, find the area included

betweenP4
P

a ,
P

2
P

S)
and the two curve lines J? v̂ ^ff

EesulL

2. Find the area of the curve y*
-

any* + #4 = 0.

__. - TTOi Y 2
Mesuit. T7T- .

lli

3. Find the area of the curve x*
n + f = 2

(^)
n"1

,
where n

is a positive integer.
a IT .r, 77

.SeswZf. If n is an even integer j
if is an odd

cfvr

integer .

4. A string the length of which is equal to the perimeter

of an "oval is wound completely round
the_ oval, and

an involute is formed by unwinding the string, begin-

ning at any point ;
shew that when the length of the

involute is a maximum or a minimum the length of

the string is equal to the perimeter of the circle of

curvature at the point from which the unwinding

begins.

5. Find the portion of the cylinder x* + if
- rx= inter-

cepted between the planes

ax 4- ly -f'cs = and ax i-'by + cz Q.

rt \ a
TT (a a) r_

Result,
8c

6. Find the volume of the solid bounded by the para-

boloid 7/

2+s2

=4a(a; + a) and the sphere a?
a

+?/
2
+s

2

=c^

supposing. c greater than a.

Result. %7ra
(
c
2

\
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CHAPTER X.

ELLIPTIC INTEGRALS.

222. - THE integrals J--^-^ ,

JV(1

'- are called

or elliptic integrals of the first, second, and third order

respectively; the first is denoted by J?(c, 0), the second by

^(c, 0), and the third by II (c, a, 0). The integrals are all

supposed to be taken between the limits and 0> so that they
vanish with 0; is called the amplitude of the function. *.

The constant. c is supposed less
.
than unity ;

it is called the f-

modulus of tlieTunctibn. The constant^, which occurs in the

function of the third order, is called the parameter. When

the integrals are taken between the limits and -
, they

are called complete functions; that is, the amplitude of a

complete function is -
.

223. The second elliptic integral expresses the length of

i a portion of the arc of an ellipse measured from the end of

|the minor axis, the excentricity of the ellipse being the

'modulus of the function. Ifrom this circumstance, and from

the fact that the three integrals are connected by remark-

able properties, the name elliptic integrals has been de-

rived.

224. The theory of elliptic integrals and the investiga- .

tions to which it has led constitute a part of the Integral

Calculus of great extent and importance, to which much

attention has been recently devoted. "We shall merely give

a few of the simpler results. For further information the
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student is referred to the treatise on the subject by Durege,
Leipsic 18'61, to that by Schellbach, Berlin 1864, and to, the

note
, by Hermite in the second volume of the sixth edition

of Lacroix's Traite EUmentaire de Gala. Dif. et de Gale. Int.

Paris 1862.

225. If 6 and < are connected by the equation

where
/u,

is a constant
;
then will

cos 6 cos
cj>

sin 6 sin
<j> A/(! c* sin

2

/*)
= cos /*.

Consider 6 and $ as functions of a new variable t, and
differentiate the given, equation ;

thus

<? sin
2
^ dt

Now as i is a new arbitrary variable, we are at liberty to

assume
'> Cf/v

thus from the equation (1)

Squarle these two equations and differentiate; thus

/JZfk- c
2
sin 6 cos d,

~ = ~ c
*
s^n ^ cos $ ?

therefo

et # + < = -^ and < =
;
thus

S ,== ~ c sm ty sin y :
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., > df . df
therefore 3 t J = cot y, ^- - = cot -^ :

<fy dx
A '

dty dx
' V '

flfr c& dt "dt

therefore

d

therefore log
~ ==

log sin ^ + constant,

therefore
-j-r

=A sin %

d _

.............. ........ (2),

and similarly, -^
= ,5 sin^

where J. and J? are constants.

r-r A dy r ^
Hence A sin %^ == I? sm^ -^ ,

therefore J. cos % = J3 cos -^ + (7 ........
'

......... (3).

Now from the original given equation we see that if <p
==

.

'

,

'

F(G,e}-F(c,p,};

;herefore then 6 = p, and % = ^ = /w ;

;hns from (3) (
A B] cos p,

= O;

;hus -4 cos (d~<j>} =*B cos (0 + 0) + (.4 J5) cos ^ ;

;herefore

A-B] cos cos < + (-A+J3) mn 6 sin
^6
= (A B] cos /A . . . (4).

In (2) put for -% its value

V(l - c
8
sin

8

^)
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and for -r^ its value
at

V(l -<? sin
2

0) + -v/(l
- c

2
sin

2

0),

and then suppose < ==
;
thus

V(l c
2
sin

2

/*-)
1 =A sin /*,

and j\/(l c
s
sin

2

/A) -f 1 =B sin /A.

Substitute for A~B and -4 -f J9 in (4) ;

thus cos 6 cos < sin 9Bm^^(l c
2
sin

2

/*)
~ cos /i.

226. The relation just found may be put in a different
. Clear the equation of radicals thus

(cos e cos <
- cos }tf

=
(1
- c

2

sinV) sin
2 6 sin

3
<

;

therefore

cos
s B + cos

2 + cos
2

//,
2 cos # cos ficos/u,

= 1 ~ c
2

sinV sin
8

sin
2
<.

Add cos
2

cos
2

p to both sides and transpose; thus

.

H
COS

cosip cos
fj.}

z

= 1 - cos
2

^ - cos
2

/* -f cos
2

cos
2

p - c* sin
8

/* sin
2

sin
2

</,

^sin^sinVCl-c'sin9

^;
therefore cos ff = cos cos /* + sin ^ sin /* V(l

- c
2
sin

2

0).

form

6) denote the function; assume .

tan0= -EHll_. '

c + cos 2<
'
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_ 1 + 2c cos 20 + o cos
2

20 ^

1 + 2c cos 20 + c?
'

therefore

2(l+ccos20)

V(l o
a
sin

a

(9) J 1 + 2c cos 20 + c
a "

1 + c cos 20

J(f> 2= 2
V(l + 2ccos2-0 + c

a

)
l + c| /( 7 _ 4c

No constant is added, "because vanishes with 9. Thus

4c , >, __ sin 20
rr, and. tan u -- ~r .

1
-7- rr, .

-- ~r
1

(1 + c) c + cos 20

The last relation may be written thus,

c sin d = sin (20
"-

6}.

We may notice that o
1
is greater than c, for

and since c is less than unity, 4 is greater than.c (1 + c)

7T
If =

,
then ^ = TT

;
thus
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003 "We will give one more proposition
in this subject,

bv establishing a relation among Elliptic Functions of the

second order, analogous to that proved m Art. 225 for func-

tions of the first order.

If cos G cos
<f>

- sin 6 sin < ^(1
- c

2
sin

2

/*)
= cos ^

tHen Trill

JS(c, 0) + E(c, $} -E(c, /*)
= o

s
sin 6 sin

cf>
sin /^.

By virtue of the given equation connecting the amplitudes,

is a function of 9 ; thus we may assume

c

Differentiate; thus

/' (ff)
= V(l

- c
2
sin

2

ff)

cos ^ cos $ cos
/u.

cos
(ft

cos cos
/ct c^&~

sin
^>

sin p sin Q sin p dd

(by Art. 226),

_ ^fsiu
5 ^+ sin

s

(jj
+ 2 cos cos

<ft
cos

/u.} 1~
dd 2 sin ^ sin sin/I'

But sin
2
6 -T sin

2

^>
4- 2 cos cos < cos

/tt

= 1 + cos
2

//.+ c
s
sin

2 6 sin
2

< sin
2

^ ;

i ^-/ /m s d (sin ^ sin 6)
thus / (6}

~ c sinp
x

g
-^-

.

Therefore, by integration

/(#) = c
s
sin 6 sin ^ sin /^,

COnStant is added
' feecaltSG y(^ obviously vanishes

If ^ =
g

tlie Present result coincides with Fagnani's Theo-

rem, demonsti-ated in Art. 92
; this will be easily seen by the

aid of some developments which we will now give.
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In Art. 92 we have the relation

acos0
, acosd'.

hence we obtain

e
2
cos

2
cos

2
0' - cos

2

(1
- e

2
sin

2

0')
- cos

2
0' (1

- e
2
sin

2

0)

+ (1
- e

2
sin

2

0) (1
- e

2
sin

2

0')
=

that is
'

e
4
sin

2
^ sin

2
0' + e

2

(1
- sin

2
^ - sin

2
^' - sin

2
sin

2

^')

+ sin
2
6> + sm2^'-l = 0,

that is

e
2

(e
3 -

1) sm
2
6> sin

2
0' + (e

2 -
1) (1

- sin
2 - sin

2

^')
=

0,

that is e
2
sin

2
sin

2& -f 1 - sin
2 6 - sin

2& = 0.

This relation may Tbe put in the following forms :

(1
- 6

2
sin

2
sin

2
0' = cos

2
cos

2
^'

sin
a
<9 = -

1 e
a
siif0"

MISCELLANEOUS EXAMPLES.

1. Find the whole volume of the solid bounded by the
surface of which the equation is

Result. -
; supposing the radical restricted to the posi-

tive sign.
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2. Find the whole volume of the solid bounded by the sur-

face of which the equation is

35

Prove that the volume of that portion of the solid

bounded by the surface whose equation is

which lies on the positive side of the plane of xy is

21

r /7 ?

4. Find the value of I
,
where dS denotes the element

of the surface of a sphere, and r the distance of this
element from a fixed point without the sphere the

integration being extended over the whole surface of
the sphere. 1-

; erc a is the

radius of the sphere, and c the distance of the fixed

point from the centre of the sphere.

o. A cylinder is constructed on a single loop of the curve
r = acQsnd having its generating lines -^Tr:-**-'!-".-":

1

;.--

to the plane of this curve; determine th': ;': .> ; ,;',.

portion of the surface of the sphere a? + if + a* = a*
which the cylinder intercepts; determine also the
volume of the cylinder which the sphere intercepts.

Ecsults. The area =

the volume
Bn V2 3
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6. Find the volume of the solid generated by the revolution

of the closed part of the curve

xs~ 3ax -j-?
3 =0

round the straight line x + y = 0. p ,
JK&SULt,

oyo

7. If the axes of two equal circular cylinders of radius a
intersect at an angle /3, the volume common to both is

1 R n^

-5 ;
and the surface of each intercepted Tby the

,T
8a*

other is ~ .

sm/3

8. The centre of a variable circle moves along the arc of a

fixed circle; its plane is normal to the fixed circle,

and its radius equal to the distance of its centre from a

fixed diameter
;
find the volume generated ;

and if the

solid so formed revolve round the fixed diameter, shew
that the volume swept through is to the volume of the

solid as 5 to 2.

9. The centre of a regular hexagon moves alpng a diameter

of a given circle (radius
=

a), the plane of the hexagon
being perpendicular to this diameter and its magni-
tude varying in such a manner that one of its diago-
nals always coincides with a chord of the circle

;
shew

that the volume of the solid generated is 2 V3 <

Shew also that the surface of the solid is

10. Prove that

dx 2=
' '

T. I. C.
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CHAPTER XI.

CHANGE OF THE VARIABLES IN A MULTIPLE INTEGRAL.

229. WE have seen in Art. 62 that the double integral
rb r/3 rp rb

I I ( (x} y] dx dy is equal to I I (x, y) dy dx when the
J a, J a. J a. J a

limits are constant that is, a change in the order of integra-
tion produces no change in the limits for the two integrations.
But when the limits of the first integration are functions of

the other variable, this statement no longer holds, as we have
seen in several examples in the seventh and eighth Chapters.
We give here a few additional examples.

230. Change the order of integration in

</> (x, y] dx dy.

M
The limits of the integration with respect to y here are

t/
= and ^=y(a

2 _a;a

); that is, we may consider the

integral extending from the axis of x to the boundary of a
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circle, having its centre at the origin, and radius equal to a.

Then the integration with respect to x extends from the axis

of y to the extreme point A of the quadrant. Thus if we
consider s (j> (# y] as the equation to a surface, the above

double integral represents the volume of that solid which is

contained between the surface, the plane of (x, #)> and a

straight line moving perpendicularly to this plane round the

boundary OAPBO.

It is then obvious from the figure that if the integration

with respect to so is performed first, the limits will be x =

and ca = *J(d
t

y
2

'}i
an(^ tnen tne limits f r

"

and y a. Thus the transformed integral is

(MO

231. Change the order of integration in

Let
meter. Let

integral may "be

values of (f>(r, ff)

Hence when the

to cos"
1

5
an&

nd describe a semicircle on OA as dia-

/= 0, then OP= 2a cos B. Thus the double

considered as the limit of a summation of

rA0Ar over all the area of the semicircle. -

rder is changed we must integrate for B from

ibr r from to

142
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Thus the transformed integral is

O JQ

232. Change the order of integration in

The integration for y is tak,en from ?/
= V- to it = 3a TG u J ka J

The equation y = belongs to ^ parabola OLD, and

i/
= Sa-a; to a straight line BL (7, wlMch passes through L3

the extremity of the latus rectum of th^ parabola.
Thus the integration may be

considered as extending over
the area OLBSO. Now let the ordter of integration be
changed 5 we shall have to consider stxparately the spacesOLS and SLB. For the space OL8 >e must integratefrom aj = to 2VM, and then ftoin y= Q to-ya-and for the space SL8 we must integrate from a?= toa= Sa-y and then from y = a to y = 3a.\ Thus the trans-
formed integral is

a i/
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233. Change the order of integration in

nx
(Z-x)

(f> (x, y} dx dy.
_ a?

Here the integration with respect to y is taken from y = x
to y = x (2 x). The equation y = x represents a straight

line, and y x (2 x] represents a parabola. The reader

will find on examining a figure, that the transformed inte-

gral is

234 Chane the order of integration in

Here the integration with respect to y is taken from

y = ^(a
2 _ xz

)
to y = x + 2a. The equation y = V(a

2

x*}

represents a circle, and y x + 2a represents
'

a straight line.

The reader will find on examining a figure, that when the

integration with respect to x is performed first, the integral
must be separated into three portions j

the transformed in-

tegral is

no,
rza ra

<f> (x} y)dydx+\ I
<J3 (x, y) dy dx

Vfa
2
-?/

2
)

, J a J

rsara

+ $(
J 2aJ y-2a,

235. Change the order of integration in

JL-

nb+x. ^ (x, y) dx dy.
. 3

Here the integration with respect to y is taken from y =

to y = --
. The equation y = .

- represents an hyper-a
l-\-x

l ^ b+x r

bola
;

let BDJ3 be this hyperbola, and let OA = a. Then
the integration may be considered as extending over the
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space OBDA. Let the order of the integration he changed ;

we shall then have to consider separately the spaces OAD G
and CDB. For the space OADO we must integrate from

x = to a;= a, and then from y to y = ~- . For the
v *T~ ^5

space (7D5 we must integrate from x= to cc = -
' ""

-^1

and then from y =

tegral is

fi

L

to y = 1. Thus the transformed in-

t+a

236. Change the order of integration in

fft re-R*

//JOJ)OJ \x

where A=

//
Jo Jo

The transformed integral is

rc /.~

J
^

AA^
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237. Change the order of integration in

rarxrv

\ $(x,y, *) dx dy dz.
' " *

The integration here may be considered to be extended

throughout a pyramid, the bounding planes of which are

given by the equations

z = 0, z = y, y x, as a.

The integral may be transformed in different ways, and
thus we obtain

my<$> (x, y, z} dy dx dz,
o

ma< (x, y, z} dy dz dx,
- a

ma$ (> y, )
dz dy dx,

w - J

m* .

'

(f> (x, y, z] dx dz dy,

or I I I
<j>(as } yt z] dz dx dy.

J QJ fJ

These transformations may be verified by putting for

< (x, y, z} some simple function, so that the integrals can
*be actually obtained; for example, if we replace <}>(x,y, z}

by unity, we find as the value of any one of the six

forms.

238. These examples will sufficiently illustrate the sub-

ject ;
it is

impossible to lay down any simple rules for the

discovery of the limits of the transformed integral. It is not

absolutely necessary to draw figures as we' have done, for the

figures convey no information which could not be obtained by
reflection on the different values which the variables must

have, in order to make the integration extend over the range
indicated by the given limits. But the figures materially
assist in arriving speedily and correctly at the result.
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"We now proceed to the problem which is the main object

of the present Chapter, namely, the change of the variables in

a multiple integral. We begin with the case of a doulh

integral.

239. The problem to be solved is the following. Required
r r

to transform the double integral I / Fdx dy, where F is a
J J

function of x and y, into another double integral in which the

variables are u and v, the old and new variables being con-

nected by the equations

&(! V, u, v) =<>> &(> V, M* )
=

(1).

"We suppose that the original integral is to be taken be-

tween known limits of y and x
;
as we integrate with respect

to y first, the limits of y may be functions of x. Of course

while integrating with respect to y we regard x as constant.

We first transform the integral with respect to y into an

integral with respect to v. This is theoretically very simple ;

from equations (1) eliminate u and obtain y as a function of

x and v, say

y = ^(x,v] (2),

from which we get

dy ^r (x, v) dv,

where ty' (x, v) means the differential coefficient of ty (x, v}

with respect to v.

Substitute then for y and dy in I Vdy, and we obtain

r

I ^i (
x

i
v
} dv, where YI is what F becomes when we put

J

for y its value in F. Hence the original double integral
becomes

ff

\\Vi (
x

>
v
}
dx dv.

Thus we have removed y and taken v instead. As the

limiting values of y between which we had originally to
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integrate are known, we shall from (2) know the limiting
values of v, between which we ought to integrate. It will be

{j?f

observed, that in finding -,- from (2), we supposed x constant
;

this we do because, as already remarked, when we integrate

the proposed expression with respect to y we must consider x
constant.

The next step is to change the order of the above integra-
tions with respect to x and v, that is, to perform the integra-
tion witli respect to x first. This is a subject which we have

already examined
;

all we have to do is to determine the new
limits properly. Thus, supposing this point settled, we have

changed the original expression into

r r

I Vjfy*' (
x

>
v
)
dv dx.

J J

It remains to remove x from this expression and replace it

by u. We proceed precisely as before. From equations (1)

eliminate y, and obtain a? as a function of v and u, say

.. .................... (3),

from which we get

dx = %' (v, u} du,

where %'.(y, u) means the differential coefficient of % (v, u}
with respect to u.

Substitute then for x and dx, and the double integral be-

comes-

I I
F'ljr' (x, V) X (V, U) dv du,

where V is what
"Pi,

becomes when we put for x its value in

F
t

. Thus the double integral now contains only u and v,

since for the x which occurs in \^' (x, v} we suppose its value

substituted, namely, ^(v, u). Moreover since the limits

between which the integration with respect to as was to be
taken have been already settled, we "know, the limits between
which the integration with respect to u must be taken.
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We have thus given the complete theoretical solution of
the problem ;

it only remains to add a practical method for

determining ty (a, v) and % (v, u) ;
to this we proceed.

clti/We observe that ty' (x, v) or -r- is to be found from equa-

tions (1) by eliminating u, considering as constant; the fol-

lowing is exactly equivalent; fromAjll)

5?fe^ + ^!^f+^ = ^>^ +^^ + &_.A
dy dv du dv dv }

dy dv du dv dv

<fy1 dy + dfa d$z dy dfa
-r,r . du , dy dv dv dy dv dv
Eliminate -5- ; thus 2

+. = -^ =. ^L
dv' dfa dfa

'

du du

therefore ^ = ^^~^"^ _

#fo Jy c^r du

^KS611 ^ an equivalent for f (a;, 7,), supposing that after
the differentiations are performed we put for y and u rhoir
values in terms of a? and u from (1). ,

Again, %
'

(,, u) or~ is to be found from equations (1) by
eliminating y regarding * as constant;

< the following is

t
esactly equivalent ; n-om (1)

-"uwm^, is

From these equations by eliminating^ we find
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This then is an equivalent for %' (v, w).

_
. , . , , \ dv du du dv

Thus * (x, )* fo)- --
dy dx dx dy

Hence the conclusion is that

dfa d[< a __ d4>-i dfa

ff-rr -, 7 f f-rr dv du du dv , , ,.*

Vdxdu= F-rj 55
-

^. j^ dvdu ............ (4),

Ji JJ d$i d$* d$i d$*

dy dx dx dy

where after the differentiations have "been performed, we must

substitute for x and y their values in terms of u and vio "be

found from (1) ;
also the values of a? and y must be substituted

in F.

An important particular case is that in which x and y are

given explicitly as functions of u and v; the equations (1)

then take the form

u- i i t_ nHere ^ l, ^--0, ^-

and the transformed integral becomes

where we must substitute for x and # their values from

(5)
in F.

Thus we may write

fr T_ , , ft* vrfdx dy dxdii\j -, if\

\\Vdxdy ^\\ V(-r -j
L
--j--i

L
}dvdu .......... ...(6).

JJ
J

JJ V M dv dv du)

Again ; suppose that u and are given explicitly as func-

tions of x and y j
the equations (1)

then take the form

. -JT-O f>-JF-0 ............ (7)-
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Hence we obtain

V dv du

i dff, dff, dJf\

dx dy dx dy

where we must substitute for x and y their values to be
obtained from (7).

Thus we may write

Vdv du . >

' du dv du dv ^ '*

dx dy dy dx

The formulas in (4), (6), and (8) are those which are

usually given ; they contain a simple solution of the proposed
problem in those cases where the limits of the new integra-
tions are obvious. But in some examples the difficulty of

determining the limits of the new integrations would be very
great, and to ensure a correct result it would be necessary
instead of using these formula, to carry on the process pre-
cisely in the manner indicated in the theory, by removing
one of the old variables at a time.

240. The following is an example.

n&Vdx dy, having given
3

y + X = U
} y UV.

From the given equations we have x = u (1 v} , y = uv;

, 'dx
.

dx
__ dy _ dy __THUS ~~j

-=
Jl

*""
t? y

-* """"

Wj ~"=f
=-= *L/ 7

=== W *

au dv du dv

,, f dx dy dx dy ,^ ^ ,

therefore -,- -

~j-
- = u (1 v) + uv u.

du dv dv du ^
'

'

Hence by equation (6) of Art. 239, we have

n&
f fVdx cLy\\ Vudv du'

}

) JJ

but we have not determined the limits of the integrations with

respect to u and v, so that the result is of little value. We
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ill now solve this example by following the steps indicated
in the theory given above.

From the given equations connecting the old and new
variables we eliminate u

; thus we have
'

vx , _ dii x
y = -

, therefore -~ =
., ... ;J

l v
9

dv (1 0)

to the limits y = and y I, correspond respectively v =

and v = i
-

; thus
'

-

3 JO

We have now to change the order of integration in

This question has been solved in Art. 235 ; hence we obtain

(<*> ri> ra

Vdxdy^l
Jo^O ./O

&

.i-ah

O

J J J

b-t-a

We have now to change x for u .where

^ J) du >

fr _a_ &

thus we obtain I"
|

Vudvdu + l I V'udvdu,
Jo Jo

.
J_JL.Jo

since to the limits and a for x correspond respectively and

for u, and to the limits and for x correspond
"I r-u 03 *U

'respectively and - for u.
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If a 1) the transformed integral "becomes

1 a o

If a is made infinite, tliese two terms combine into the

single expression
i /

V'udvdu,

241. Second Example. Required to transform

re rc-x

Vdxdy,
J QJ

having given y + x= u
} y uv,

Perform the whole operation as "before
;
so that we put

vx T dy x
n / _^ mi n -nmu^L y ___u - <tu.Lt 7 7" r^; *a

l v dv (1 v)

When
2/
= we have v = 0, and when y = c we have

/* F^.. / ^^

, Thus the integral is transformed into

C-J

[
JO0<

Now change the order oi; integration ; thus we obtain

Now put x-u(l-v) and ~=l~<yj the limits of u

will be and c. Hence we have finally for the transformed
integral

/i re

V'u dvdu.
o Jo
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242. Third Example. Transform I Vdxdy to a double
JJ

m i

integral with, the variables r and 0, supposing

x = r cos 0, y = r sin 0.

We may put for v and y for w in the general formulas ;

thus

dx du dx dy 2 a ,
. .

---
f- =- -r = r cos + r sin

2 = r ;
du dv dv du '

and the transformed integral is

v'rd0dr.
j!

This is a transformation with which the student is probably

already familiar ;
the limits must of course be so taken that

every element which enters into the original integral shall

also occur in the transformed integral.

A particular case of this example may be noticed. Sup-

pose the integral to be

1 1 <
(ace + Z>?/) dxdy}

by the present transformation this becomes

ff
<>

{Jcr cos (0 a)} rdd dr,
J "

where Je cos a = a and 7c sin a = 5, Now put a = ff, so

that the integral becomes

then suppose rcos0' = s' and rsinO'^y' and the integral

may be again, changed to
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Thus suppressing the accents we may write

f f
'

I" I"

1 1
cj> (ax+ by) dx dy= / 1

cj> (kx] dx dy,
J J J J

where k- V(
a + 1?}. The limits will generally be different

in the two integrals; those on the right-hand side must be
determined by special examination, corresponding to given
limits on the left-hand side.

na>Vdxdy. having
)

given

a: = au + bv, ylu-^ av
}

a being greater than 5.

Eliminate M, thus ay bx (a
2 &

2

) w, and the first trans-
formation gives

a?

az
Tf f c fa+b

V,axdv,
da; 1 '

where T^ is what V becomes when we put 1
_ v fora a,

y. Xest change the order of integration ; this gives

V..dvdx-}-
(

-

We have now to change from x to by means of the

equation x = au + 1>v, which gives ^ =
a; the limits of u

corresponding to the known limits of x are easily ascer-
tained. J

Thus we have finally for the transformed integral
c-bv

5- f-
Q-t-O I a __, /*0

a~
The correctness of the transformation may be verified bv

supposing r to be some simple function of * and for
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example, if V be unity, the value of the original or of the

(?

transformed integral is
-^

.
' M

244. Fifth Example. The area of a surface is given by
the integral

da dy A /jl + (^Y+ (^f]\ (Art. 170) ;VI \atov \dy/ )

required to transform it into an integral with respect to and

<, having given.

z = r cos $, xr sin 6> cos <, y = r sin sin
^>.

From the known equation to the surface z is given in

terms of x and y ;
hence by substituting we have an equation

which gives r in terms of and <.

We will first find the transformation for dx dy :

fj^y* nw"=- sin 6 cos oE> + r cos 6 cos <>,
du dv T

CL3C' CLi /i /\ i

- = -- sin v cos (b r sm c/ sin cb,

d,(j> d(j>

r r

dir dr . n . .
t /, ,- = - sm 6 sin <p + r cos 6 sm c&,

du dv T
,

^

dy dr . n . . ,
.,

.-~ = rr sm 9 sm cp + r sin cos <p.

d<p dcj>
T r

TT ?a; ^?/ dso dit /, / /, <?r /A
Hence -^ -5^ -rr -TJ = r sm r cos 6 + -

ra sm /-
;

dO
d(jj d<p dd \ du J

thus dx dy will be replaced by
/ fa \

r sin <9 r cos ^ + --. sin dd> dO.
\ dv /

T

We have next to transform

T. I. C. 15
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dz dz dx dz dy
We have

da __
dz dx dz dy

d<j>
dx

d<j> dy d<p

'

dz dr Q . a
Also de=Te

e - r *m6
>

dz dr
TT = T7 COS 9.

d(f> dcf>

j

Thus -7- is a fraction of which the numerator is
dx

dz dy dz dy

T0~d$~d$d0
>

that is.
f -jj cos 6 r sin Q

j ( -j- sin 6 sin rf> + r sin 61 cos 6
VOP / \a9

r ^

dr Q fdr ./,.,, /, . A
-jz

cos 61

1

-TQ
sin t/ sui

(j)
+ r cos ^ sin

^J ,

that is,

/y/* /zV"

r sin < -yr + r sin 6 cos cos <
- r

a
sin

2
!? cos

c/>,

and the denominator is

<& dy dx dy

~ded^,~'d^ie
>

the Talue of which was found before ; thus

fjq* /Yfy

rsin<9 cos^ cos^-rsin^-y2 sm2 ^ cos <>

dx
rsin<9 (rco80 + sin0-)

V d6J

Similarly

, dr

fjy
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therefore

\

and 'finally the transformed integral is

245. There will be no difficulty now in the transformation

of a triple integral. Suppose that V is a function of x, y, z,
""

and that 1 1 1 Vdx dy dz is to be transformed into a triple

integral with respect to three new variables u, v, w, which are

connected with x, y, z by three equations. From the investi-

gation of Art. 239, we may anticipate that the result will

take its simplest form when the old variables are given ex-

plicitly in terms of the new. Suppose then

x =fi (u, v, w), y=/2 (u, v, w)> z =fa (u,v,w) (1).

We first transform the integral with respect to z into an

integral with respect to w. D tiring the integration for z we

regard x and y as constants
; theoretically then we should

from (1) express z as a function of x, ?/,
and w, by eliminating

u and v
;
we should then find the differential coefficient of z

with respect to w regarding x and ?/ as constants. But we

may obtain the required result by differentiating equations (1)

as they stand,

du dw dv dw dw '

.

du dw do dw dw

df^
du ,dfn dv ^ _ dz

~du ~dw dv dw dw dw
'

152
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-- L
du dv , ,

Eliminate -r and : thus we find
CLW aw

du dv du do

Jf tJf 3P
where JV= - _

\du do du dv dw \du dv au dv

dw \du dv du, dv)
'

Hence the integral is transformed into

du, dv du dv

^i>ere V
l
indicates what V becomes when for sg its value in

terms or x, yand w is substituted. We must also determine
tsie limits ot w from the known limits of g. N"ex t we miv
euange the order of integration for y and w, and then woceed aa before to remove y and introduce v. Then again we
jhould

change the order of integration for w and aSd thinior r and ar and fina iy remove a; and introduce u. And in <

nmples it might be advisable to go through the process stTnlfv
step m order to obtain the limits of thclransfor^SIntl^^ T &7

-

OWe
ir ^ re

'^P
1^ ascertai]

'

1 tl* final formuhtuns. Iransform the integral with respect to * into an in fra! with respect to w as above then twW nl, Al !
e"

of interation so that
luill e tllc orderof integration, so that we have

dv du, dv

i the first two of
7Art. 239 that the
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and the integral is finally transformed into

fjjVNdwdvdu,

where V is what V becomes wlien for so, y, and z, their values
in terms of u, v, and 10 are substituted.

The student will now have no difficulty in investigating
the more complex case, in which tho old and new variables
are connected by equations of the form

& (x, y, 2, u, v;- w} = 1

<

a (o!, y, a, u, v, w) = \ ............... (2).

3 (#> y, B, u, v, 10}
= I

Here it will be found that

^ =
dw JJ^ do

~
JJ

Z

'

du,
~
27

a

'

also that
' N

z
= D

l ,
and N^DZ

.

Thus fff7^ fy ^fo^vLdu dv dw, where

V = l f2. 8 _ .i\ .

6 /'n.i _ <
g'

1
dio \dtt dv du do) dio\du, dv du dv

and D
a

is equal to a similar expression with x, y, z instead
of u, v, w respectively.

It may happen that equations (2) will impose some restric-

tion as to the way in which the transformations are to be

effected. For example suppose we have

From these equations we cannot express z in terms of w and
x and y, and therefore we cannot begin by transforming from
z to w. We may however begin by -transforming from, z to u
or from z to v

;
or we may begin by transforming from x or y

to u or v or w,
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"46 It may be instructive to illustrate these transforma-

tions geometrically.
We begin with the double integral.

Let 1 1 Vdx dy be a double integral, which is to be taken

f>r all the values of x and y comprised within the boundary
ABCD. Suppose the variables x and y connected with two
i;ew variables u and v by the equations

v) ..............
.'(1).

From these equations let u and v be found in terms of
and y, so that we may write

M=^ (x,y), v =F
z (x,y} ...............

(2).

by ascribing any constant value to u the first- equa-tion
of^S) may be considered as representing a curve, and by

.inring in succession different constant values to u, we have a
series of such curves. Let'then APQC be a curve, at every

nmrSi^ch F
* & & has a certain constant value

; and
let ^ Atf6 be a curve, at every point of which & (,-, ?/) hasa certain constant value u + Su. Similarly let J5>,fiZ7 be a

aeto 1 y aS & Certain C0nstant
and let B QED be a curve, at every point of which
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F (x, y] has a certain constant value v + &v. Let' x, y now
denote the co-ordinates of P; we sh'all proceed to express
the co-ordinates of Q, 8, and R.

The co-ordinates of Q are found from those of P, by chang-

ing v into v + $v
;
hence by (1) they are ultimately, when Bv

is indefinitely small,

dx *. ,
, dy 5.

Tv *v, andy + j^fc.

Similarly the co-ordinates of 8 are found from those of P
by changing u into u + &u

;
hence by (1) they are ultimately

__ gM and y + ~Su.
du * du

The co-ordinates of J? are found from those of P by
changing both w into u + Bu and v into t> + Sy

; hence by
(1) they are ultimately

dx s dx
5,

. , <^?/ 5. Jy .,

-1- -T- ou -F -7- ou, and ir+ ~i
L ou+~? 8v.

du dv du dv

These results shew that P, Q, H, S are ultimately situated

at the angular points of a parallelogram. The area of this

parallelogram may be taken without error in the limit for the

area of the curvilinear figure PQRS. The expression for the

area of the triangle PQR in terms of the co-ordinates of its

angular points is known (see Plane Co-ordinate Geometry,
Art. 11), and the area of the parallelogram is double that of

the triangle. Hence we have ultimately for the area of

PQRS the expression

.
dx dy dx dy-- -- -^

Thus it is obvious that the integral // Vdxdy may be

replaced by

/"/* rr, fdx dit dx di/\ 7 7+
I
V \-r-'il --r--j

L ]dudv}

JJ \du dv dv du)
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the ambiguity of sign would disappear in an example in

which the limits of integration were known. - In finding the

value of the transformed integral, we may^ suppose
that we

first integrate with respect to v, so that u is kept constant
;

this amounts to taking all the elements such as PQRS, which

form a strip such as AA' C? C. Then the integration with

respect to u amounts to taking all such strips as AA ^

which are contained within the assigned boundary ABCD,

247. We proceed to illustrate geometrically
the trans-

formation of a triple integral.

^<; v>f*

Let
[[[ Vdxdydz

be a triple integral, which is to be taken

for all values of x, .y,
and z comprised between certain as-

signed limits. Suppose the variables x, y, and s connected

with three new variables u, v, w by the equations

x^fa v, w), 2/=/3 (
M

> ^ w), ^=/3K , w) (1).

From these equations let M, v, and w be found in terms of

x, y, and z, so that we may write

u=F
: (x, y, ),

v = F^ (a;, y, z], w=F
a (x, y, a)... .(2).
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Now by ascribing any constant value to u, the first equa-
tion of (2) may be considered as representing a surface, and

by giving in succession different constant values to u we
have a series of such surfaces. Suppose there to be a surface

at every point of which F^ (tz, y, z] has the constant value w,

and let the four points P, J5, Z>, O be in that surface
;

also

suppose there to be a surface at every point of which

FI (so, y, s) has the constant value u + 8u, and let the four

points A, F, 6r, E be in that surface. Similarly suppose
P, A, E, G to be in a surface at every point of which
Fa (x i y-i ) Das '

tae constant value v, and 23, D, G-, Fto be in

a surface at every point of which F^ (x, y, z) has the constant

value v + Su. Lastly suppose P, A, F, B to be in a surface

at every point of which F
a (x, ?/, z) has the constant value w,

and C, D, (2, E to be in a surface at every point of which
F

s (as, y, z] has the constant value w + Sw.

Let #, ?/,
z noWy denote the co-ordinates of P; we shall

proceed to express the co-ordinates of the other points. The
co-ordinates of A are found from those of P by changing u

into u + 8u
;
hence by (1) they are ultimately when Sw is

indefinitely small,

dx ^ dv r, dz
x + j ou. y + -5- bu. z + -y- ou.

du ^ an da

The co-ordinates of B are found from those of Pby chang-

ing v into v + <$y
; hence by (1) they are ultimately

dx s dy R de Rx -\ 7- ov, v + v tw> z + 7 ou.
o!y

^ av do

Similarly the co-ordinates of G are ultimately

dx r,
, di/ * &* *

._)_ ^^ y 4. _i_ &w % -i-
- OW.

dw ' J dw } dw -

The co-ordinates ofD are found from those of P by chang-

ing v into v + Su, and w into 10 + 8w
;
hence by (1) they are

ultimately

dx dx

Similarly the co-ordinates of E, F and (7- may be found.
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These results shew that P, A, B, C, D, H, F, Q- are ulti-

mately situated at the angular points of a parallelepiped; and
the volume of this parallelepiped may be taken without error

in the limit for the volume of the solid bounded by the six

surfaces which we have referred to. Now by a known theo-

rem the volume of a tetrahedron can be expressed in terms

of the co-ordinates of its angular points, and the volume of

the parallelepiped PG- is sis times that of the tetrahedron
ASPG. Hence finally we have for the volume of the paral-

lelepiped

(dx fdy dz dy dz\ dy fdz dx dz dx
~
\du \dv dw dw dvj du \dv dw dw dv.

+^ I*?.
dJL _^ fAl SuSvSw = + NSuSvSw say.

du\dv dw dw dv/}

Hence the triple integral is transformed into

the ambiguity in sign would disappear in an example where

the limits of integration were known.

248. We have now given the theory of the 'transforma-

tion of double and triple integrals ;
the essential point in our

investigation is, that we have shewn how to remove the old

variables and replace them by the new variables one at a

time. We recommend the student to pay attention to this

point, as we conceive that the theory of the subject is thus

made clear and simple, and at the same time the limits of the

transformed integral can be more easily ascertained. We do

not lay any stress on the geometrical illustrations in the two

preceding Articles
; they require much more development

before they can be accepted as rigid demonstrations.

249. Before leaving the subject we will briefly indi-

cate the method formerly used in solving the problem. This

method we have not brought prominently forward, partly
because it gives no assistance in determining the new limits,
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and partly on account of its obscurity ;
the latter defect lias

been frequently noticed by writers on the subject.

Suppose 1 1 Vdx dy is to be transformed into an integral

with respect to two new variables u and v of which the old

variables are known functions.

Let the variables undergo infinitesimal changes : thus

, dx , dx , , .

ax -j-du -\--r- dv ............................ (1),du av x

dv ............................ (2).du dv

Now in the original expression V dxdy in forming dx we

suppose y constant, that is, dy = Q; hence (2) becomes

fo .............................. (3),du dv

find dv from this and substitute it in (1) ;
thus

dx dy dx dy
, du dv dv du , ,.\

dx---- du ................... (4).
dy
dv

Again, in forming dy in Vdx dy we suppose x constant,

that is, dx =
;
hence by (4) we must suppose duQi thus

from (2)

From (4) and (5)

, , fdx dy dx dy

ff
and 1 1 Vdoo dy becomes

J J

f f Tr , fdx dy dx dy\ , ,

M7 [-T- -j-
-

-T- j l
du dv.

JJ \du dv dv du)
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~*
I

With respect to the limits of integration we ,caii only

o-ive the o-eneral direction, that the new limits must be so

taken as to include every element which was included by the

old limits.

250. Similarly in transforming a triple integral

the process was as follows. Let the new variables be u, v, w ;

in forming dz we must suppose oc and y constant
; thus we

have
dz 7

dz , dz
dz = -r du+ -j- dv + -r-

du dv aw

dx , dx T
dx

j Ndw _ ,-v

thus dz -," ,
" ,

'

<

~ .......................... (*),
ax dy dx, dy
du dv dv du,

where ^<
r has the same value as in Art. 247.

Kest in forming dy we have to regard so and z as constant
;

hence by (1) we must regard w as constant
;
thus we have

, dif ,
, dif ,

dy = -r dii,+ ~ av,y
du, du

dx 7 dx 7=
-7- du + -y- dv :

dw c^y
'

fdy dx dy dx
(

*/. _ _ _J_ _
,-, /. 7 v^ ^ o?
therefore ay = -> . .

CtiJ./

du,
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And lastly in forming dx we suppose y and s constant,
that is, by (1) and (2) we suppose w and v constant; thus

dx = -r du (3).du ^ '

From (1), (2), and (3)

dx
dij dz = Ndu dv dw.

251. The student who wishes to investigate the history
of the subject of the present Chapter may be assisted by the

following references. Lacroix, Calcul Dif. et Integral, Vol.

II. p. 205 ;
also the references to the older authorities will be

found in page XT. of the table prefixed to this volume. De
Morgan, I) if. and Integral Calculus, p. 392. Moigno, Calcul

Dif. et Integral, Vol. ir. p. 214; Ostrograclsky, Mtimoires de

VAcademic, de St Petersburg, Sixieme Serie, 1838, p. 401.

Catalan, M4moires Couronne's par l'Afiademie...de Sruxelles,
Vol. XIV. p. 1. Boole, Cambridge Mathematical Journal,
Vol. IV. p. 20. Cauchy, Exercices d'Analyse et de Physique
MatMmatigue, Vol. IV. p. 128. Svanberg, Nova Ada, Regice
Societatis Scientiarum IJpsaliensis, Vol. XIII. 1847, p. 1. De
Morgan, Transactions of

l1-- /ry -.-
:

- 7 -
;
'-7-.- p/^l Society, Vol. IX.

p. [133]. Winckler, !).,'
',

.. Kaiserlichen AJcad.

Mdth....Classe
t
Vol. XX. Vienna 1862, p. 97.

EXAMPLES.

1. Shew that if x = a sin 6 sin
</>

and >y ~b cos sin
^>,

the

f f
double integral I dx dy is transformed into

J v

f r
I] ab sin

(j>
cos

<j) d(j)
dO.

J J

2. If c = wsina+vcosa and y = ucosa-v sin a, prove
that

du dv
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& Prove that

J o

x rr

4* Transform / / Vdx dy, where y xu and x=--
.v JJ 1 + u

If the limits of y be and a; and the limits of o;,be

and a, find the limits in the transformed integral.

Transform e-^+^^dasJy from rectangular to
J J

polar co-ordinates, and thence shew that if the limits
both of x and y be zero and

infinity, the value of the

integral will be
2 sin a

(j> (x, y] dxdy to polar co-ordinates, and
i . .

-1

indicate the limits for each order in the transformed
interal.

Shew that

1

c

Apply the transformation from rectangular to polar co-
ordinates in double integrals to shew that

/+00

,-f-CO j 7

I
______a dxdy_ 2?r

- 2 2 -" * >

** ~
'

-oo (a?

& Transform the double integral [/>(, y)^^ into one
\ ^ J
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in which r and Q shall be the independent variables,

having given

os = r cos 6 + a sin 0, y r sin 6 + a cos 0.

1 1 f(r cos $ + a sin ^ * sin + a cos 0) (a sin 20 r) dd dr.

r c

Transform 1 1 e'""'"
3

dx dy into a double integral where

r and t are the independent variables, where - = t and
vC

rz
x* + y* and if the limits of x and y be each

and co
,
find the limits of r and t.

Result

.00 -CO
^-,.2

.

JO JO 1

l(h If a? and 3/ are given as functions of r and $, transform

ff f
the integral \\ \dxdydz into another where r, ^ and

z are the variables ;
and if x r cos 9 and ?/

= r sin $,

find the volume included by the four surfaces whose

equations are T = a, s = 0,
=

Q, and z mr cos 6.

7T

fiT f* wa8

Result. The volume = I I r
2m cos Qdd dr = -- .

J o j o ^

]? If ao; = ?^s, /?2/
= &> 7s = ^j shew that

Transform IlllVdx.dxdx^dx^ to r, 6, $ and -^ when

cc3
= r cos cos

,

= r sin sin <, x^r cos sin^.

V sin ^ cos 6 dr dQ d$ d&.
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i!;, Find the .elementary area included between the curves

4> fo y} u
> ^ (x> y)

~ v
> anc* "tf16 curves obtained by

giving to the parameters u and v indefinitely small
increments.

Find the area included between a parabola and the

tangents at the extremities of the latus rectum by
dividing the area by a series of parabolas which touch
these tangents and by a series of straight lines drawn
from the intersection of the tangents.

/(or, y, e) dx dy dz into

one in which r, y, z are the independent variables

having given ^ (x, y, z,r) = Q and change the vari-
ables in the above integral from x, y, z to r, 0, 6
having given

'

X. y, z, r)
= 0, ^ (y, e

, r, 6}
=

0, ^ (s, r, 0, </,)
=

().

dx dy dz

I" Transform the double integral

m which * y . are connected
l,y tlm ^nationL^^i," mtegral in terms f * -i *mtegr

oos* COB #,

Hence prove that
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rrr
Transform the integral /I / dxdydz to r, 0, <, where

J J J

c = r sincf) \/(l nz
cos

2

#), y r cos < sin 0,

z = r cos 6 4/cos
e

< 4- w
2
sin

2
.

r/v

r
Transform the expression 1 1 sin 6 d6 dd> for a volume,

JJ o

to rectangular co-ordinates.

Result. ^n(zpx q^ rfx dy ;
this should he in-

J J

terpreted geometrically.

1SI If x + y -f z = u, x+y uv, y = uvw, prove that

\
<.00y.00.00

/" /!/!

I F<^c cZy cfe =
J Q J Q J Q J Q J QJ Q

0. If ajrcos

x
a
= r sin tf

1
sin v

a
cos 6/

a ,

_t
= r sin #

x
sin #

2
. . . sin 6n_z cos 0^.t ,

n = r sin 0, sin 9 . . . sin # sin , ,

shew that Vdx
l
dx

z
. . .dxn

where F is any function of a\, a?
2 ,...o;n ,

and V wLat
this function becomes when the variables are changed,
and H stands for

(sin tfj""
2

(sin 2)

ft~3
sin 6n_3 .

T.T.C. 16
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CHAPTEE XII.

DEFINITE INTEGBALS.

252. WHEN the indefinite integral of a function is known,
we can immediately obtain the value of tlie definite integral

corresponding to any assigned limits of the variable. Some-
times however we are able by special methods to assign the
value of a definite integral when we cannot express tlio

indefinite integral in a finite form
;
sometimes without actually

finding the value of a definite integral we can shew that it

possesses important properties. In some cases in which the
indefinite integral of a function can "be found, the definite

integral between certain limits may have a value which is

worthy of notice, on account of the simple form in which it

may be expressed. We shall in the present Chapter <>ive

examples of these general statements.

We may observe that a collection of the known results
with respect to Definite Integrals has been published in a
ouarto volume at Amsterdam, by D. Biercns de Haan, under
the title of Tables d Integrates De

233. Suppose /(*) ancLF rational algebraical functions
ol x, and/ (a) of lower dimensions than F(x), and suppose= to We M real "***= to

/IJ -oo -tf

It will be seen that under the above suppositionsression to be integrated
* ?Fsmons,
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Let a + & V( 1) an^ a - /3 V( 1) represent a pair of the

imaginary roots of F(x) =0; then the corresponding quadratic
T (35 )

fraction of the series into which , , : can Tbe decomposed,

may be represented by

2A (x
-

op +

tlie constants A and J5 "being found from the equation

1)}
fArt 21) .

(Ait. 21).

vr / %BjSdx nn ^ _ja? a
Now , :; ^ = 2^ .tan

1~^~ ,

therefore

Also

and it is obvious that the latter integral between the assigned
limits is zero, for the negative part is numerically equal to

the positive part. Thus 2J?7r represents the part of the

integral corresponding to the pair of imaginary roots under
consideration.

If then we suppose F(x) to be of 2% dimensions, and

B^ J?
2 ,

Bn to be the n terms of which we have taken B
as the type, we have

254. As an example of the preceding Article we take

where m and n are positive integers, and m less than n. Here

162
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and it Is known that the values of a + /3 V( 1) are obtained

from the expression

,

.. ,,,.
cos + V-l) Bin

by giving to r successively tlie values 0, 1, 2, ...... up to

n 1 : see Plane Triggnometry , Chapter xxm,

Thus, by De Moivre's theorem,

{a + p V(- 1)}
2-2"1

-1 = cos

where

so that

cos < + V(~ 1) sin ^ - - cos (2r + 1) ^ + V(- 1) sin (2r + 1)

/i
2w + 1

where ^ = ^2^ 7r '

Hence

A _ cos

. f sin(.
therefore jB=-i

Hence

The sum of the series of sines may be shewn to be
2 f)sin n

-
; see P/awe Trigonometry, Chapter xxn. and in the

sin

present case n& =
2^ + ^ so that sin

2 n6 = 1. Therefore

^ Sln
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(""x^dx
It is obvious that I

2lt
is half of the above result,

J o i +C
that is,

255. In the last formula of the preceding Article put
_ 2m + 1 7 ,1 ,= v, and suppose k

;
thus we obtain

sn

This result holds when Js has any value comprised between

and 1. For the only restriction on the positive integers m
and n is that m must be less than n, and therefore by pro-

perly choosing m and n we may make -
equal to any

assigned proper fraction which has an even denominator when

in its lowest terms. And although we cannot make ^- -
<?&

exactly equal to any fraction which has an odd denominator

when in its lowest terms, yet we can make it differ from

such a fraction by as small a quantity as we please, and thus

deduce the .required result.

In the last result piit
xr

for y, where r is any positive

quantity; thus

7T

sin 7cvr
'

_ 7T

that is, J Q "Y^T"
~
r sin kir

'

paT'cte TT

Let/cr = s; thus T+^r== TT""'
^ y sin - TT

7
1
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The only restriction on the positive quantities r and s is

that s must be less than r.

The student will probably find no serious difficulty in the

method we have indicated for proving the truth of equation

(1) when Jc is a fraction which has an odd denominator when
in its lowest terms

;
nevertheless a few remarks may be made

which will establish the proposition decisively, and which
will also serve as useful exercises in the subject of the pre-
sent Chapter.

T *Let

and by putting
- for y we find that

u =

Therefore ^ _-*) .............. (2).v > ' ^ ^ '

fj
ftt

Equation (2) shews that
-==;

is negative if
2/

M
y~

x
is con-

UtK

stantly positive, and positive if
'y

1̂

y* is constantly nega-

tive, between the limits and 1 for y. Hence -57 is negative

or positive according as Jc is less or greater than -
. Thus u

2

diminishes as Ik increases from to -
,
and u increases as &

2

increases from - to 1.
a
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Now let -~ denote any fraction in its lowest terms, in

which /3 is an odd integer ;
and let jp be any even integer.

Let &, = -
;x . and &, = - ^- , and let &,, denote -*. Let

1

PP PP P

u
13
u
a ,
u

a
denote the values of

j

& % when for k we sub-

stitute Jc
t ,

Jc
z)

lc
s respectively. Then by equation (1)

7T T 7T
and u. = 7 =

sm/6'Tr

Now we may take p so large that \ and 7c
3
shall be both

greater or both less than -
;
and then by the inferences drawn

from equation (2) it follows that u
z
must lie numerically be-

tween MJ and u
a

. Thus u.2 cannot differ from w
1
or u

a by so

much as the difference of M
X
and u

s ;
and therefore a fortiori

TT
u cannot differ from . 7 by so much as the difference of

2 sin KJT
J

MJ
and u

3
. Hence as p may be indefinitely increased we

77*

have finally M, = f
5

.J a Sin A3 7T

>,

* *W JSulerian Integrals.

256, ; fiielefinite integral

is called the first Eulerian integral; we shall denote it by the

symbol B(l, m). This integral is sometimes called the Seta

function.

The definite integral

/'./o

is called the second Eulerian integral ; it is denoted by the

symbol T (n). This integral is sometimes called the Gramma
function.
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"We shall now give some of the properties of these int
grab ; the constants in these integrals, which we have denoted
by ?, m, n

}
are supposed positive in all that follows.

257. In the first Eulerian. integral put x = 1 % .

thus (V1

(1
-

a?)"

1
"1 dx = fV-

1

(I
-

a)
2-1^ .

JO JO
*

this shews that the constants I and m may be interchanged
without altering the value of the integral ; that is

Again in the first Eulerian integral put x = ~JL_ .

In the same integral put x =-
; thus

/

25S.
I^et e-

1=
y, so that a; = log

-
; then we have

y

which
consequently gives another form of T ().

259. We have hy integration Tby parts

(See
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f _ C
m

-
Since e "d-x = e~

x we have I e
xdx = 1

;
that is,

J Jo

r(i) = i

From (1)
and (2) we see that if n be an integer

When n is not an integer we may by repeated use of

equation (1) make the value of F (n) where n is greater than

unity depend on that of T (in) where m is less than unity.

260. By assuming Jcx = z we have

T^ / \

fl-n^-ij
^

(
n

)
e z az --=- .

261. We shall now prove an important equation which
connects the two Eulerian integrals.

nooxHm^y
m~l

6'(1+

>

first with respect to x
;
we thus obtain, by Art. 260,

Again integrate the same double integral first with respect
to y ; we thus obtain

ax,

that is, T(m) f e^oa^
J o

that is, T(m)T(T).

T
, ^Hence

Q ( +y)

Hence, by Art 257,
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262. In the result of the preceding Article, suppose
= i

j thus, .if m is less than unity,

/

/
Jo

>

o 1 + 2/

since T (1)
= 1. Hence, Tby Art. 255, if m is less than unity

sinwTT

263, Put TO = in the last resnlt
;
then

therefore P (J)
= V71"-

Or, without using Art. 255, we have

therefore T (|)
=

V'TT.

We will give another proof of the last result.

f"
Let w= I e^dx] then it is obvious that u also

Jo

o

/ _ a f
00

thus
3 = I e~

x dx x I e^dy
Jo Jo

-CO /. 00

= I e^^dxdy (Art. 66).
Jo Jo

This douhle integral is shewn in Art. 204 to he

rtor r 00

i I / -1-2=
-g i i e re
Jo Jo

therefore . w = ^T.
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.00

Now
'

TQ-)= 6~*x~*dzi put x-f,

thus r&)

264 We shall now give an expression for T (ri) that will

afford another proof of the result in Art. 262. We know that

xh
1

the limit of 7 when Ji is indefinitely diminished is logs?;

hence
"-1L IN"-

1

r ., -

log-)
= limit of

\ &>/

so we may write

'1
"1

where y is a quantity that diminishes without limit, when Ji

does so.

Put A = ! then, by Art. 258,

T
(
w

)
^r"-1

f '(I -x
r

}

n~ldx+ I ydx,
Jo Jo

In the first integral put oo= z
r

;
thus

T (n)
- Cydx = r

n
f sTl

(I
-

z}
n~l

dz.

Jo Jo

We have it in our power to suppose r an integer ;
then

the integral on the right-hand side, "by Art. 33, is

1.2.3 ...... r

l] (n + r 1)

Let r increase indefinitely, then y vanishes and we have

T (n)
<* limit of .

J

1

1
;

2 ' 3

^ J
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265. From the result of the preceding Article we have

L _

A particular case of this is obtained "by supposing n = 1
;

thus

the expression on the right-hand side is known to be equal to-
;
see Plane Trigonometry, Chapter XXIII. : thus

ffi'Jf '

^ ^ S|
.

therefore T (w) P (1 -m) = -^- (Art. 259).v ' ^ '

266. We shall now establish the following equation, n

being an integer,

f ! r r

First suppose n odd; in Art. 262 put for m successively123 . n l , ,,. , .,

, -. , ... up to -
, and multiply; thus

n n n ' r 2n
,

m-l

7T
2

nj \nj
......

V n J . TT . %TT . (n 1) IT
* v dm . Qm_ am .i__^__oIJUL olli i Dili _

n n 2n

(See Plane Trigonometry, Chap. XXIII.)

Nest suppose n even; in this case put for m successively

-, -, ... up to -
, and form, the product as before; then

n n r 2n r '

multiply the left-hand member "by T (|) and the right-hand -
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member by the equivalent ^/TTJ then we obtain the same

result as before.

267. A still more general formula is

r o> r x + - r
nj n n

= r (nx) (2?r)
2

n*""*,

which we shall now prove. Let < (x) denote

% j>

n

nT(nx)
n-l

we have then to shew that
<f> (x) (2?r)

2
ri~%.

We have

+ w 1) (nx + w 2) ......

Similarly ^> (03 + 2)
=

(f> (x + 1)
= $ (a;) ;

and by proceeding
thus we have

<jb (x)
=

(j> (x + m) ,

where in may be as great as we please. Hence <> (x) is equal
to the limit of $ (^t) when p is infinite

;
thus

<jf> (cc)
wittsi 5e

independent of x, that is, must have the same value whatever
x may be ;

hence $ (x) must have the same value as it has

when x = -
;
thus the theorem follows by the preceding Ar-

ticle. This theorem is ascribed to Gauss
;
a more rigid proof

is given in Legendre's Exercices de Galcul Integral, Vol. II.

p. 23
;
see also the Journal de VEcole Polytechnigue, Vol. XYl.

p. 212;
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268. Take the logarithms of both sides of the formula
established in the preceding Article, and differentiate with

respect to x ; thus we obtain

n-l
, TV ,+ -} r \x +n' / \ TT/\ *

I
"> 1 J

j. u; inT (nx} _ T (x) ^ V nj
t ,

V n

x +
n

. \ n

+ nlogn (1),

where T'
(t) stands fox ^

>

.

ctt

Differentiate again ; then, putting z for nx, we obtain

+

If % be made infinite the right-hand side vanishes, for d
becomes ultimately v ."' ..

1 ^
J 7 > CLOC+

nj x ax

Hence we see that if be infinite f
^

vanishes.
dz

NOW r ; = _^
a?

(a? + 1) aj
( + 1) (a? + 2)

'

take the logarithms and differentiate twice with respect to a? :

thus
^
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The series just given is convergent for eveiy positive
value of x.

' - '

Integrate between the limits 1 and x thus

2 x + 1

where (7 stands for the value of ^~ ^~ when x = 1.
das

- The series whose MUI term is--- is convergent
n n + x 1

for every positive value of a?, as we may infer from the fact

that it is obtained by integrating between finite limits a con-

verging series in which all the terms have the same sign ; or

we may infer the convergency of the series from the fact that
QQ _ J

the general term, being
---r- is numerically less than' n (n + x 1)

J

x 1
-.--ry, so that the series is numerically less than another
[n i)

^

which is known to be convergent.

The quantity is called JEuler's constant; it may be pre-
Tf

(1}
sented under various forms. It appears above as

=\ I >

/CO * '

that is as-F(l). Now T () = I e~*x
n~l dx therefore we

J o

y00 /<00

have F (n)
= e^x*

1
'1

log x dx, and F (1)
= e* log cc dx.

I

'

^o Jo

Again suppose x = 1 in (1) ; thus
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Increase n indefinitely; tlien the right-hand side "be-

r
2 d

comes a certain integral, namely I -j- log T (x) dx }
that is

log T (2)
-

log T (1) ,
that is zero.

TV / \

Hence the limit of -^ ;
. log n, when n is made infinite,

1 (n) , . --T ,-

is zero.
;

."

In (3) suppose so infinite
; hence, with the aid of the result

just obtained, we see that G is equal to the limit when n is

infinite of

It is easy to shew by elementary considerations that this

limit is finite. See Algebra, Chapter LV. Example 12.

The value of to 10 places of decimals is '5772156649
;

the calculation has been carried to more than 50 places of

decimals by ~W. Shanks : see Proceedings of the Royal Society,
Vol. XV. p. 429, and Vol. XYI. p. 154.

269. In equation (2) of the preceding Article change x
into x + 1

;
thus

<Plogr(l + a;) 111
z ^

differentiate n 2 times
;
thus

<yiog r(i+a>)

Let ]Sn denote the infinite series 1 + -5 + -^ + ...
; then, if

2i o

"be not less than 2, the value of ,. j
1 ^

, when
dxn '



DEFINITE INTEGRALS, 257

Also the value of ~-^
,
when x 0, is 0;

dec

and log F (1 + x)
= wlien x = 0. Hence, by Maclaurin's

Theorem,

. \-

The series is convergent as long as as is numerically less than ;,

unity. Now by the property of Art. 262, combined with that

contained in equation (1) of Art. 259, it follows that F (so)
is

j

known for all positive values of x if it be known for all
!

1 1 !

'

values of x between and -, or for all values between ~
..

\

and 1, or for all values between 1 and
1|-, and so on. And

the series just given will enable us to determine the value of

logF (x), and thence of F (&), for all values of x between 1
:

and ! ;
so that we may consider that F (x) can be calcu-

lated for any positive value of x. \

Legendre has constructed a table of the values of log F (a?);

and an abbreviation of this table is given in De Morgan's
:

Differential and Integral Calculus, pages 587... 590. We may
also refer to an article by H. M. JefFery on the Derivatives of
the' Gamma-Function in the sixth volume of the Quarterly
Journal of Mathematics.

;

270. A higher degree of convergency may be given to

the series obtained for log F (1 + a?) thus : .
:

logF(l

8

now F (H- aj)
. F (1

-
x)
= xT (x) T(l~x)

^.^L.
, by Art. 262;sm OJTT

^
*

T. I. C. 17
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therefore log
~~ = S^+S^ + S

8
x6 + ...,

sin XTT 2 2 4
3

s

j i -n ft , \
1

i
C7r /7

5

and log r (1 + x) = -
log -.-- Cx5 x ' &

-

.

2
&

sinaj-TT 3

The result may also be written thus :

l -n ft , \
!

i
C7r 1

T
1 + 03

log r (i + )
=

5 logg^ -
5 log

- a!-.- ---...,
and now the series in the last line converges rapidly when x

is numerically less than ~
.

; .. .
,

2 '

,
, ,-, ,;.,:

271. From equation (2) of Art 268 we see that

<Z*logr(aj) . . .
+

. , . , . ., ,-
-r-y
-- is always positive, and is nnite 11 x oe positive :

, d log F (a;) . , , . .

Jaence -^ ^~ increases algeDraically as x increases from

to infinity, and therefore cannot vanish more than once.

Thus r
(a?)

cannot have any maximum within this range of

values of x, nor can it have more than one minimum. It is

easy to see that T (#) has one minimum, between x 1 and
a = 2; for r(2) = T(l).

To determine the minimum of P (1 + x) we differentiate

one of the series found for log F (1 +33), and equate the result

to zero. This gives an equation from which it is found by
trial that 1 + as =1-4616321... .

272. Many definite integrals may be expressed in terms

of the Gamma-Junction; we shall give some examples,

f
00

The integral I e~a^ dec becomes by putting y for aV
./o
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r f\f%
f 1 T fjp ] fj df

1 3* *?/

obtain

i r<z)

r
1 '

Again, in I as
1 1

(1
- a3

)"
1
"1

tfe put
2 = y ;

thus we obtain
/

r ^
\ \ f (1

- yTdy, that is,

Thus f
2

sin^ co
Jo

we obtain

/.

273. In / xl~l
(a
-

x}
m~l dx put x = ay, thus we obtain

Jo

a2*"1"1
I wM

(l yY^dy, that is, a;+t"'~1

-^ /
/ N

.

J o I
(l + m)

274. It is required to find the value of the multiple in

.tegral

172
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the integral "being so taken as to give to the variables all

positive values consistent with the condition that x + y-
srz+...

is not greater than unity.

We will suppose that there are three variables, and conse-

quently that the integral is a triple integral ;
the method

adopted will "be seen to be applicable for any number of

variables.

We must first integrate for one of the variables, suppose z\

the limits then will be and 1 x y\ thus between these

limits

Next integrate with respect to one of the remaining varia-

bles, suppose y ;
the limits will be and 1 x

;
and between

these limits, by Art. 273,

Lastly integrate with respect to x between the limits and

1
;
thus between these limits

Hence the final result is

T(n) T(m] Tfo. + l) T (l)T
T (n + 1) T (m +n+l) T

(l + m + n+l)
'

that is
r(Z)r(i)r()

LildL Ii3 -n ,-j
"

, ." *'

275. It is required to find the value of the multiple in-

tegral

the integral being so taken as to give to the variables all
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positive values consistent with the condition that

is not greater than unity.

(K\s
Assume

*-(-), y =

Then the integral becomes

3

with the condition that as-fy + + ... is not greater than

unity. The value of the integral is, therefore, by the pre-
ceding Article

r (1} r (-} T (
n
\

?5^V^i U/ W/ w ......

par.., -.( I m nsx r(-+- + - + ...

\P 3 r

This theorem is due to Lejeune Dirichlet; we shall give
Liouville's extension of it in Arts. 277 and 278.

276. As a simple case of the preceding- Article we may
suppose p, q, r, ... to be each unity, and a, /?, y, . . . each equal
to a constant 7ij thus the condition is that + 77 + +... is

not to be greater than h. Therefore the value of the integral

which we may denote by
Nhl+m*n

*"\'

Similarly if the integral is t6 be taken so that the sum of

the variables shall not exceed h + A7i, we obtain for the result

Hence we conclude that the value of the integral extended

over all such positive values of the variables as make the
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sum of the variables lie "between h and Ti + A/i is

N{(h + M}
m+1"" - A

Itw+"+
"},

and when AA is indefinitely diminished, this becomes

jy (i + m + n + . .
.)

that is,
rffli>)r (n). .

'

277. It is required to transform to a single integral the

multiple integral

the integral being so taken as to give to the variables all

positive values consistent with the condition that x+y+ z+.-.

is not greater than c.

We will suppose for simplicity that there are three

variables. By the preceding Article if f(as + y+z) were

replaced by unity that part of the integral which arises from

supposing the sum of the variables to lie between h and

h + AA would be ultimately

r(Z)Ir(n)

And if the sum of the variables lies between Ti and

the value of / (cc + y + z] can only differ from f(h) by a

small quantity of the same order as A&. Hence, neglecting
the square of A, that part of the integral which arises from

supposing the sum of the variables to lie between h and
li 4- AA is ultimately

J v '

Hence the whole integral is

This process may be applied to the case of any number of

variables.
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278. Similarly the triple integral

for all positive values of the variables, such that

(DXlHf
is not greater than c, is equal to

~
g_

This process may be applied to the case of any number of

variables.

279. It is required to transform to a single integral the

double integral

where the integral is to be taken for all positive values of

oo and y such that x + y is not greater than Jc
;
the quantities

u, a, and I being all positive constants.

,

"

\ ^Suppose that a is not less than 5. We have

u + ax + "by
= u + a (x + y] (a 1} y U r),

where U stands for u + a(x+y], and 97 for (a 1} y. Thus
i.. . t .--.'.

(u + ax

the series here given being convergent.

The proposed double integral may now be transformed by

applying the method of Art. 277 to every term. Thus the

double integral
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r(p)r(?+i)
--ir(p + g)

4_ ^' w"^) v F ' / y.r ' y ' -v v- "/ "
, i j,

"n ' . . ^-\ -i n /, i j\i'"''!Z+2
i I

l*C

\. i m \^ "T" ClfUj

r
(g) _ ^ (p + g)r(g +i) (q-&)<

^ + 1) w + ai

*

o

1.2

' u + at

T(p}T(q]

In a similar manner we may transform to a single integral
the triple integral

,2-1
yf-l &

r~\
fly.

where the integral is to be taken for all positive values of x,

y, and such that x + y + z is not greater than Jc
;
the quan-

tities u, a, b, and c being all positive constants.

Suppose that a is not less than b or c. We have

14 + ax + by + cz = u + a
(a> + *) + fry

-
(a
-

c) .

Proceeding as before we find that the proposed triple inte-

gral can be transformed into a series, each term being of the
form represented by the product of
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+ p-1) ,

'

,

(a
-

c)

f r f xf~l
?/

!Z
~1

and the triple integral
JjJ

Then, as before, we can shew that the triple integral just

expressed can be transformed to

Hence finally the proposed triple integral is seen to be

equal to

* ^^
(a- c}t\-

r

f
'

that is, to

T(p)T(q}T(r}

This process may be applied to the case of any number of

variables; and it may receive extensions similar to those
which Arts. 277 and 278 supply of the process in Art. 5275.

280. It is required to transform to a single integral the

multiple integral

n]
dx

t
dx

z
... dxn ,

the integral being so taken as to give to the variables all

values consistent with the condition that x* + x* . . . + x* is

not greater than unity.

By successive application of a transformation for a double

integral given in Art. 242, the multiple integral may be
reduced to

^ dxl
dx

z
. . . dxn ,

where Jc = V(ax

2 + a* + . . . +O ;
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and these transformations do not affect the condition that the

sum of the squares of the variables is not to be greater than

unity.

We have first then to find the value of the multiple integral

... dx
z
dx

a
... dxn ,

the variables being supposed to have all

values consistent with the condition that a?
2

2 + x
a

z + , . . + x*
is not greater than 1 x*. First suppose that the variables

are to have only positive values; then we obtain the value of

the integral by supposing in Art. 275, that each of the quan-
tities

I, m, ... is unity, that each of the quantities^, gr,
... is

equal to 2, and that each of the quantities a, /3, ... is equal to

Thus the result is

(l-O^-

But if the variables may have negative as well as positive

values, this result must be multiplied by 2""
1
. Thus we get

Hence, finally, since the limits of a?
t
will be 1 and 1, the

multiple integral is equal to

h

This agrees with the result given by Professor Boole in

the Cambridge Mathematical Journal, ^ol. III. p. 280, as it

may be found by integrating his equation (15) by parts.

281. It is required to transform to a single integral the

multiple integral
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the integral being so taken as to give to the variables all

values consistent with the condition that CD* 4- x* -f ... + &,?
is not greater than unity.

, As in the preceding Article the integral may be trans-

formed into .'

First integrate with respect to the variables a?
2 , xs ,

... xn ,

the limits being given by the condition that x* + x* . . . -h jpn
8

is not greater than 1 ~ x*. Now if the variables were re-

stricted to positive values, the integral

,/fl v 2
^.

2 __/y. s

Y \, "-'I "'2
' " * n

by Art. 278 would be equal to

1^(1)}^ /"Iro..

2
p

that is, to

.p
/?? 1\

-" /'Art QY'A'l^^^
j ^-txil. ^Siol,

that is, to

But if the variables may have negative as well as positive
values, this result must be multiplied by 2

n
~\ Thus we get
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Hence finally, since the limits of x
l
are 1 and 1, the

multiple integral is equal to

vr1 ^r dx, .

282. Many methods have been used for exhibiting in

simple terms an approximate value of P (n + 1) when n is

verv large : we give one of them.

The product e~*x vanishes when x = and when x = oo
;

and it may be shewn that it has only one maximum value,

namely when x = n. We may therefore assume

(1),

where t is a variable which must lie between the limits oo

and + oo .

Tims
l" r fa
e*xn dx = e-

n
ri

t

\ e^^-dt ............... (2)
Jo J - at " '

Take the logarithms of both members of
(1) thus

x n log x = n n log n +
a

(3)

put or = 71 + u ; thus

M n log (w + u)
= t

z n log n (4).

But by Taylor's Theorem

log (n + u)
=

log n H
;

M
. .

^ 2
^'/t -f- aiij

where ^ is a proper fraction
;
thus (4) becomes

nuz

therefore
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., , V(2)w< /C N

therefore u= ,. \ a . ln .................... (6).

D ,
- /0 fl aj w;

But from (3) -7-
=- = 2t -\

--
x ' at x w. M "

vWH-2(l-0H by (6).

Hence (2) becomes

n) +2 (1
-

5) <) dt;

and e~t2 dt = TT thus

But since 1 6 is positive and 1 less than unity, the nume-
-00 /

rical value of I e~ ts

(l-0}t dt is less than e~ ts t dt, that
J -oo -^

is, less than
-|.

Hence we conclude from (7) that as n is

increased indefinitely, the ratio of r(w-fl) to e~
n nn V(2mr)

approaches unity as its limit.

We may observe that in the original equation (1) we
have f and not t itself; hence the sign of t is in our power,
and we accordingly take it so that equation (5) may hold,

supposing Vw and
<\/
2 ^otli positive.

(See Liouville's Journal de MatMmatiques, Vol. X. p.

and Vol. xYll. p. 448.)

Definite Integrals obtained "by differentiating of integrating
with respect to constants.

283. We shall now give some examples in which definite

integrals are obtained by means of differentiation with respect

to a constant. (See Art. 213.)
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,00 I

To find the value of e~a
*x*

cos 2ne dx. Call the definite

Jo

integral u
;
then

T- = 2 xe~aV sin 2rx dx. -

dr J

Integrate the right-hand term by parts ;
thus we find >

du_
dr a

5"'

,, , d\ogu 2r
therefore j =

$ ',

dr a

therefore log u = 2 + constant,
$

therefore w = Ae a
\

where .4 is a quantity which is constant with respect to r,

that is, it does not contain r. To determine A we may suppose
r ^ frrr

r = 0: thus u becomes I e"^*
2

dx, that is, ^ , (Art. 272).
Jo ^a

Hence J. = ,
and

cos

284. We have stated in Art. 214, that when one of the

limits of integration is infinite the process of differentiation

with respectJ;o a constant may be unsafe
;
in the present case

however it is easy to justify it
;
we have to shew that

/
e-a,w pdx vanisnes where p is ultimately indefinitely small

;

3

it is obvious that this quantity is numerically less than

r
00

p:
I e"*

2*2

dx where pl
is the greatest value of p, that is,

Jo
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A/7T
less than -

p1
but tliis vanishes since pl

does. Similar
&tCk

considerations apply to the succeeding cases.

285. To find the value of
| e~^^^^ . Denote it

by u, then

du _ ["

dr "Jo

IBut I e~k!e cos rx dx = e
_, r sin rx k COB rx

therefore / e~lty> cos rx dx = -^ g ;

Jo K +r

,, du, Jc

thus ~T- = TO 5 :

dr Ic + r

i* 7*

therefore w = tan"
1

T .

No constant is required because u vanishes with r. This

result holds for any positive value of Ic; if we suppose k to

diminish without limit, we obtain

'sinnc , TT

x 2

isnlf: slinnlri TIP.if r be positive; if r be negative the result should be -
.

We can now determine the definite integral
3

sin rx cos sx -,

o x

for it is equivalent to

/'Jo

~JO M

and the value of each of these two definite integrals can be

assigned.
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286. To find the value of f e~(*+&) dx. Denote it by
Jo

u, then

assume x=-, then the limits of z are < and 0; and we
3

obtain

therefore

therefore log u = 2<z + constant
;

therefore w = Ae~2a
.

A /<7

To determine J. we may suppose a =
;

then u = -
f

,
A

therefore A =~
;
thus

.4

287. We may also apply the principle of integration with

respect to a constant in order to determine some definite in-

tegrals ;
the principle may be established thus.

f
B

Let u\ (x, c] dx,
J a,

rP r/s ri>

then I udo I I <> (x, c) do da
Jo. J a. J a

rl> rjs

=
(j) (cc, c) dx dc

;

J a J a.

since when the limits are constant, the order of integration is

indifferent (Art. 62). We shall now give some examples of

this method.
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2S8. We know that <r
to& = -=.

Jo k

Integrate both sides with respect to k between the limits

a and 5
;
thus

dx = log
-

.

so a

f er"* duo f e~lx dx
It should be noticed that and / are both

Jo m h &
R > t f'e^dx. , , -w(dx . {'fa

infinite ; for is greater than e
c

, and /
-

Jo % to

Jo x 'Jo o>

is infinite. But this is not inconsistent with the assertion

(
Q~

aa: _ Q~1>
X

that dx is finite, and without finding the value
J o

_

&
of this integral it is easj to shew that it must be finite. For

, . ., - [<j>(x)dx , t
m
$(x}dx .

it is equal to the sum of I
-^^ and 2--+ where

Jo x J c x
(x) =e~

aa
6~

te
;
the second of these integrals is finite, for

1 r 1 /e~aa
e~J>0

\
it is less than -

/
6 (x} dx, that is, less than -

f
I

GJo G\a I )'

[ (b (x]We have then only to examine r v ;
dx.

Jo *o

Now by Maclaurin's Theorem

where 6 is some fraction ; thus - is less than "b a + ,

x 2
'

where -4 is the greatest value which <j>"(x) can assume for

values of x less than c. Hence

J ^ dx is less th#n (5 a] c + -

'0

and is therefore finite.

T. i. c. 18
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289. We know that

7sf

Jo
cos fx dx

Integrate both sides with respect to Ic between the limits

a and 5
;
thus

'- cos rx dx = \ log + T

OAA T x T S*n rX 7 T. 3 ill A I/"* C S *"# 7
290. Let dx be denoted by A. and dx

Jo cc
_

^
J 1 + a/

by B; we shall now determine the values of A and 5; the

former has already been determined by another method in

Art. 285.

In the integral A put y for rx
; thus

(

A =
o 2

this shews that A is independent of T.

(1).
j y \MI

Multiply by e~
r
and integrate ; we obtain since A is con-

stant with respect to r

( r }*
\

\ Bdr +B- A \
= constant.

(h )

Now whatever be the yaltie of r, it is obvious that the

integrals represented by A,.B, and f Bdr are finite; hence
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the constant in the last equation must be zero, for the left-

hand member vanishes when r is infinite.

Thus dr + JB-A = .................. (2).
Jo

From (1) and (2) ^ = - j5
'

<

therefore S= Ce~
r

,

where G is some constant. And from (2)

A = Ce-
r

~0(e-
r

-l} = C',

therefore B = Ae~r
........................ (3).

Now when r is indefinitely diminished, B "becomes

I g ,
that is,

~
;
hence from (3)

J Q i }- X" A

We have supposed r positive ;
it is obvious that if r be

negative, B has the same value as if r were positive, and

A had its sign changed ;
that is, if r be negative B = ~ e

v

TT
and A= -~.

( Transactions of the Eoyal Irish Academy,
j-i

Vol. XIX. p. 277.)

_., ["'cosrscdx TT _ ,
,

. , ,., ^ ,.From --^ -r- = r e
>
we obtain by differentiation

7 o 1 + ar 2

with respect to r,

I

M x sin nc doc _vr
J 1 + a

2

And from, the same integral by integrating with respect
to r between the limits and c, we have

I

_!HL^__.-^(x-e~).

182
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291. The preceding Article contains a rigorous investi-

gation of the values of the integrals A and B; another

method has been sometimes given for finding the value of

-B,which is more simple "but far less satisfactory. We will

however now give this method, as it will lead us to notice a

point of importance.
n OO

Let jB= I 7, dx,
J 1 +x

., dB [ x sin rx ,

then ~j- = -r- g- dx,
dr J 1 + a?

dzB f
M #2

cos rx ,

and -j-f dx
dr

z
J 1 + af

f
TO

7 r cos rx ,= / cos rxax+ ^ , 2 aa?

Jo Jo

.

=
/

J
cos

o

Now we will assume on grounds presently to lie examined,
-00

that
/ c,Q&rxdx = 0- thus
Jo

and we have to find B from this equation. Multiply "both

sides "by 2 -T- and integrate with respect to r
\
thus

where Ji is a constant, that is, Ti is independent of r. Thus

therefore



DEFINITE INTEGRALS. 277

by integrating we have

a' + r

and
or + r

we have I e~
oa!

sin rx dx =I

J o a-j-r
2 '

and I e~
ax

cos rx dx =
o

.

a' + r
2 '

-ifa be a positive quantity.

If it were allowable to suppose a we should obtain

1 f
w

= -, and I

r' Jo

where k is another constant.

Thus d**:

By transposing, squaring, and reducing we finally obtain
. if

where G^ and <7
2
are constants. We must now determine the

|J
values of these constants. Since B cannot increase indefi-

!>

;

!

;

7T

nitely witli r we must have O
1
= Q; and then since S - when

r = we have
2
= ^. Thus

^

We now proceed to consider the assumption involved in

the preceding method.

Since
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~. f . , cosrx T f , sinra:
bmce sm ra; CKC =-- , and- cos rx ax =-

,

J r J r
we

are thus apparently led to the conclusion that the sine and co-

sine of an infinite angle are loth zero. The same conclusion

seems to be suggested in other cases, so that it has been

stated, that "the indeterminate symbols sin < and cos <x>

are found in numberless cases to represent each of them,

0, the mean value of both sinx and cos a;."

On this point however diversity of opinion exists among
mathematicians, and the discussion of it would be unsuitable

to an elementary work
;
the student may hereafter consult

three memoirs in the eighth volume of the Cambridge Philo-

sophical Transactions, numbered XV, xix, and xxxil.

Definite Integrals obtained l>y Expansion.

292. If we expand log {1
-

oe"VC-i)} and log (1
-
ae^t-i)}

and add, we obtain

log (1 %a cos x + a2

)

= 2 (a cosflj + cos2c+ cos3oj+ ),A o

the series being convergent if a is less than unity. Integrate
both sides with respect to x between the limits and TT;
thus

fir

log (1 2a cos x + a2

)
dx = 0, a being less than 1.

> o
;

|,
;.

If a is greater than 1, since

(2
1 \

1 cos a? + -a),a a J

we have

Tir

I log (1 2a cos x + a
2

) dx = TT log a
2 = ZTT log a.

J

If a = 1 it may be shewn by Art. 51 that the definite in-

tegral is zero.
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We may put the result in the following form
;

"'

fir
I log (a

2 2ac cos x + c
2

)
dx TT log 7c

2

,

Jo

where 7s
2

is the greater of the two quantities a
2 and c

2

,
and

is equal to either of them if they are equal.

By differentiating this result with respect to a we arrive

at the result which 'constitutes the last example of Art. 46,

293. By integration by parts we have

r

I log (1 2a cos x + a2

) dx
J

i AI , 2\ n f x sin x dx
x lag (1 2a cos x + a2

) 2a - -- -

fl ,

J 1 2a cos x + a2

Hence, if a "be less than 1,

f
v

Jo l-o

if a be greater than 1, the result is

-
log (1 + a) log a, that is,

-
log

(

1 + -
J

.

294. In like manner we have, if r be an integer,

TT 7T 7T
I cos nc log (1 2a cos a; + a2

) dx = -- of, or -- a"*.

Jo r r .

according as a is less or greater than unity.

295. Integrate by parts the integral in the preceding

Article; thus we find

' sin a? sin rag <fa TT
['

si

Jo l,-

=22'
according as a is less or greater than unity.
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296. Similarly from the known expansion

1-a8

1 2a cos x + a2

= 1 + 2a cos x + 2a2
cos 2# + 2as

cos 3# + ,

where a is less than 1, we may deduce some definite integrals ;

thus if r is an integer

cos rx dx ira
r

I 2a cos co + or I a

for every term that we have to integrate vanishes with the
/IT

assigned limits, except 2</ I cos
2 rx dx.

297. To find the value of
f ^-2

dx

2a cos ex + a2 "

The term 5 may be expanded as in Art.
1 2a cos cx+a J r

296 ; then each term may be integrated by Art. 291, and the

results summed. Thus we shall. obtain

TT

2 1 - a2
1 - a<T

298. Similarly,

I log (1 2 cos ex + a2

) /** 8
= TT log (1

-
ae~}.

Jo 1 H- a?

299. It is also known from Trigonometry that

sinca; . . .

i

= sin cx + a sm 2cx+ a sin 3ca; + . . .
,

1 2a cos co; + a

a being less than 1. Hence by Art. 291, we obtain

x sin ex dx IT

IJo'o (1 + a;
2

) (1
- 2a cos ca; + a2

)
2 (<f- a)

'

This also follows from Art. 298, by differentiating with

respect to 6. .
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300. To find

By expanding (1
-

x}'
1

,
we find for the integral a series

of which the type is

I a log;
J n

dx.

By integration by_ parts this is seen to be equal to

. Hence the result is

(1+n)
2 '

-J1+ ^ + "02 4"

V

7T
2

that is, by a known formula,
~

301. 'Let v denote e^-i), that is, cos a? + V( 1) sin a?
;

then if/denote any function, we have by Taylor's Theorem,

(a) +f(a) cosaj+'V cos2a; +
1 *

And

1-c2

1 2c cos x 4- c

Therefore

2
= 1 + 2c cos aj + 2c

2
cos 2a; 4- 2c

3
cos 3a; 4-

=
j-^f(a

+ e)>

In this result it must be remembered that c is to be less

than unity, and the functions / (a + v) and/(a + v'
1

}
must be

such that Taylor's Theorem holds for their expansions.
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In a similar way it may "be shewn that

f'(+)-/(+
Jo 1 - 2c cos a 4- c

and
2c

Substitution of imaginary values for Constants.

302. Definite integrals are sometimes deduced from
known integrals by substituting impossible values for some
of the constants which occur. This process cannot be con-

sidered demonstrative, but will serve at least to suggest the

forms which can be examined, and perhaps verified by other

methods (see De Morgan's Differential and Integral Calculus,

p. 630). We will give some examples of it.

We have

For p put a + 5\/( 1)> ail(i suppose r = \/(d? + l?) and

tan 6 ~ -
,
so that j?

= r [cos 6 + V(~ 1) sm #} ',
thus

Thus by separating the possible and impossible parts we
have

r (n) cos (n tan"
1 -

\ a
,-aX gfl-l C0g Jg, , __ \ .

sin | wtan'
1 -

For modes of verification see De Morgan, p. 630.
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303. In the formula

^^=2̂a

, . .

-
+1

change a into-~
-c; thus

<y a

-c^V(-D dx -
" ~

-

o 2o V2'

tlierefore .

f
"

f 99 // -i\ " >( 7 1 - VY~ 1) A/T
1 cos cV - V(- 1) sm c-ar

\
dx =-p i-

-y- ;

Jo ( J 2c A/2

r /

therefore I cos c
2
a;

2
Ja; = -

7- .

Jo 2c//2

and sin cV dx - , .

o . c^

If we write ^ for cV, these "become

sin ydy__ T cos ydy_ /TT

/"* /':aj.2?^ifc
304-. In the integral e~^

" w "^ suppose y = x*Jlc',
Jo

1 r / 9 A3a8 \

thus the integral becomes rr e~(
y

2/
a *

dy, which is

V 's J o .

known by: Art. 286. Thus

Now put cos 6 + *J ( 1) sin for /c; thus the right-hand
member becomes

* -
t

V 77
"

~-.9/y.{nnaflAfl-.;nHniO}
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that is,

^
jcos (2a sin 9 + -

J

- V(- 1) sin (2a sin 6 + -
} [

e~
2

[ \ *J \ *n
aoosfl

Thus cos + sn
o

= e
-2a cose cos a sin 5 + ,

ii V
,

and ffl-C-"^)
cos9

sin
\(v? +

-
2)

sin
0}

dx
Jo L\ ^^ J

in 2a sin
\

EXAMPLES.

_ ,

"

1. Evaluate

/iir
'

^
2. Evaluate. I cos (a tan

a?) <&?. Result. - e~
a

.

Jo 2

r
1

3. Evaluate
Jo

1*2 aa; _ 7r /^
J o (a

2
cos

2
a; + S

2
sin

2

a;)

a
~
I (ab

s +
~tfb)

"

5. Prove
[V(tan <)^ =i

[f + log (V(2)
-

1}]
.

jo V ^ L^ J

6. Prove

r*
7. Find the limiting value of xerx

*

I ex
*

dx when x = oo ,

Jo

Result. .
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o m J.T j. T cos cos 5a? , , 5
8. Shew that I ax = log - .

Jo x a

9. If F,( os
} -} "be any symmetrical function of x and -

,

\ ssj
J J x

then

dx _ f
1 dx

\
'

XJ \
'

X.

10. If F(x] be an algebraical polynomial of less than n
dimensions

/
F /V) /7r 1 dn-i

.f^-^a
1 1 . Prove that f *e

os cos (sin 0) <?0 = 27r.
u

/"Q A/I 1 "-"- C) Ci>0 77"

12. Prove that ~
~ra T^TT when c is indefinitely

Jo 1 c cos u v(2w)
J

nearly equal to unity, n being a positive quantity.

/V

13. Evaluate (a cos 9 + 5 sin
(9) log (a cos

2
6 + 1 sin

2

0) <$?.

Jo

Result. sJloga-a + ^^-^cos-
1

^!,

supposing a greater than I,

14. Shew that

+ 2?^ cosf
00

, 1

J
lo

I

or log [ 1 4-- ] loff -s , according as n is less or greater\nja
tlian imitj.
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15. Find the value of

^ -1) _

where a and 5 are positive, hut a and /3 positive or

negative; and shew that it is wholly real when

/*! rrr

16. Prove that cof1

(1
- a? + cc

2

)
d&c = - -

log 2.

Jo ^

17. Prove that f --^ log (W -
)

= wlog 2.

J o 1 + 03 \ C/

A CO
I si n 'y

18. From the value of - dx deduce that of
Jo x

o a? /

Result. The two integrals are equal.

19. Prove that

20. Shew that ,
-
7

-

J o (
L

.co
ffl
2 ^

21. Shew that I (eT~^ <f S2

) dx(b a) fjir.
Jo

(Solutions of Senate-House Problems^ hy O'Brien and

Ellis, p. 44.)

r
m

<f -f 1 7T
2

22. Shew that log -^
- ax = .

J e ~ ! 4

/ 'T* I--. 'T1
fj'

/f

Y* *?77

23. Prove that -. -. =log ,
and reconcile with

J log x x n

/I

7' 1 7
'Vj fj^y

~1 ^7

making of = y.
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n

24. Shew that P sin
tt d9 = ~. -

J n 21

25 Shew that2o. bhew that

2

11 ~l~ 1 ^ - xT~
l d = r (J) r fa) i \

> + ca;y
+ra

> / at ,-t, x sin
2

./ Shew that
?

(a cos! 6 + b

27. Shew that
o a cos

2 + b sin
2

2 cos ^vr ^ M 1
'

a 2 5 2

being less than unity.

28. Shew that
'" em " d

v \ ' r~ """ "/ *
\-"/ ,

2 00.-^

(a p")
"

29. Shew that
'

OA en J.T _L ( 7T
30. Shew that 7- r-~--^ 7-

-rr-5
-

.

(1 + c) (1
-

x)
n

(1 + c)
n sm nir

2

Qi ai J.T, x /
sn ace sn co; 7 TT TT

'

31. fohew that -- - dx = Q, 4- - . or + . ac-
. 7 a?

' ~
4 ' -

8
'

cording to the values of a and c.

32. Trace the locus of the equation

sin 6 cos &c 7/,

de -
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33. Trace the locus of the equation

| = P log [L
- 2e~" cos 6 + e~

2w
] dd,o JQ

where u sin - .

a

Si. Trace the locus of the equation
7T

'* secede

in which the sign of the square root is always taken so

as to make the quantity in the denominator positive.

35. Shew that

7T TT

I I sin a; sin""
1

(sin x sin y) dx dy = .

J o J o
4; A

36. Compare the results obtained from

nOO 1.00

/ I sin ax e' dx dy,
J o * o

Toy performing the integrations in different order.

/

_52
_6^

e fl2 ^
dx, and hence shew that

o

38. Shew that

=^(^-11A \% "]>

the integral being extended over all the positive
values of x and y which make a;

2 + y
2
not greater than

unity.
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39. Shew that
..

. n+1

dxdydz... TT z

the number of variables "being n, and the integration

"being extended over all positive values which make

not greater than unity.

40. If A +A 1
a} + A

sp?+ ...... = ^(V)

and a
fl
+ a

:
x + a^x

z + ...... =/(),

prove that A a + A&a? + Az
a
2
x* + ......

where w = ce
9 V(-i) an(j v xe-e^(-

41, If the sum of the series + a^x + ajf + .
t

.
,.

. . can be

expressed in a finite form, then the sum of the series

a * + fli
V+ a*x* + ...... can be expressed by a definite

integral. Prove this, and hence shew that, the. sum. of

the squares of the coefficients of the terms of the expan-
sion of (1 + x)

n when n is a positive whole number,

may be expressed by

2
2'1+2

f2

if Jo

42. Prove that

cos oxdx IT (
: +

'o l + o? 2 [1 + 0-" 1 + 0'

Shew that

IT E '

'

1

2
< (sin 2x) cosxdx- cf> (cos

2

ic)
cos cc ^b.

(Liouville's Journal de MatMmatiques, Vol. XYIII.

page 168.)

T. I. C. ^
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v,2 ,*X" X'

44. Shew that
2* 2*4?

IT

= - cos (ccsm.y]dy.
7T Jo

45. Prove that

r f
00

^m-l e
-x fa y*--

1

Jo -/o , . m,TT
'sin

(See Ait. 66 ;
and change the variable y to u where

y = ux.}

46. Shew that

f

I

J

sin29)COS ,
3

.
>,

O2

^ ;

^ (fl;
3
Sin 2& + :r-n COS

sin l
2rc

sin

7T

being comprised hetween the limits -
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CHAPTER XIII.

EXPANSION OP FUNCTIONS IN TRIGONOMETRICAL SEEIES.

305. THE subject we are about to introduce is one of .the

most remarkable applications of the Integral Calculus, and

although in an elementary work like the present, only an

outline of the subject can be given, yet on account of the

novelty of the methods, and the importance of the results,

even such an outline may be of service to the student. For
fuller information we may refer to the Differential andIntegral
Calculus of Professor De Morgan, and to Fourier's Theorie...

'

de la Chaleur. The subject is also frequently considered in

the writings of Poisson, for example, in his Traits de Mdca-

nique, Vol. I. pp. 643 653
;
in his TJi^orie...de la Chaleur; and

in different Memoirs in the Journal de VEcole Polyteahnique.
The student may also consult a Memoir by Professor Stokes,
in the 8th Vol, of the Cambridge Philosophical Transactions,
a Memoir by Sir W. Hamilton, in the 19th Vol. of the

Transactions of the Eoyal Irish Academy, and a Memoir by
Professor Boole, in the 21st Vol. of the same Transactions.

306. It is required to find the values of the m constants

A
1}
A

z ,
A

3,...Am ,
so that the expression

sn

may coincide in value with an assigned function of oc when

has the values 0, 20, $9,...m6, where Q .

in T JL

192
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Let f(x) denote the assigned function of x, then we have

by hypothesis the following m equations from which the

constants are to be determined,
'

f(6}=A1
sin0

f(md]

Multiply the first of these equations by sinr#, the second

by sin2r$, ,
the last by sinrarfl; then add the results.

The coefficient of A a on the second side will then be

sin r6 sin sQ + sin 2r# sin 2s# + + sin mrd sin msd

we shall now shew that this coefficient is zero if s be different

from r, and equal to % (m + 1) when s is equal to r.

First suppose 5 different from r. Now twice the above
coefficient is equal to the series

"--, cos (r s) 6 4- cos 2 (r s) d -K ;... . .+ cos m(r s) 9,

Mshed by the series

cos 2

mm of the first series is known from Trigonometry to

to

,

'

sin (2m 4- 1)
- sin -

. (
f

. (rs)0) . (r s)sin 4 (r s) TT - -
f sin ^ -

I 2 I 2
that is. to ^ "

'

; v' .

"
.

o ,-(r
- s

) ^

This expression vanishes when r s Is an odd number,
and is equal to 1 when r s is an even number.

The sum of the second series can be deduced from that of
the first by changing the sign of s

;
hence this sum vanishes
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when r 4- s is an odd number, and is- equal to 1 when r + s

is an even number.

Thus when s is different from r, the coefficient of A s is

zero.
'

When s is equal to r, the coefficient becomes

sin
2rd + sin

2
2r9 + ...... + sin

2

mrd,

that is, -| [cos 2rd + cos 4r# -f ...... 4- cos 2zr#}.
^y

t ...

And by the method already used it will be seen that the

sum of the series of cosines is 1
;
thus the coefficient of

A r is & (m + 1).

Hence we obtain

and thus by giving to r in succession the different integral
values from 1 to m, the constants are determined.

Now suppose m'to increase indefinitely, then we have

ultimately

2 f""

f \ sin'rvf(v) dv.

And as /(a;) now coincides in value with the expression

A
l
sin x + A z

sin %x +

for an infinite number 'of equidistant values of a; between

and TT, we may write the result thus

2 f"
rr

(x)
= ~~^ sin nx I sin nvf(v] dv,

where the symbdl ^f indicates a siimmation to be obtained

by giving to n every positive integral value.

307. The theorem and demonstration of the preceding
Article are clue to Lagrange j we have given this demonstra-
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tion partly because of its historical interest, and partly because

it affords an instructive view of the subject. We shall how-

ever not stop to examine the demonstration closely, but pro-:

ceed at once to the mode of investigation adopted by Poisson.

308. The following expansion may be obtained by ordi-

nary Trigonometrical methods,

nj= 1 + 2A cos. _ .

fi COS 7 ~r ft>

(v ~ cc) -, 37r(v as) /<N-- + 2&*cos- -'- + ..... (1),

h being less than unity, so that the series is convergent.

Multiply both sides of (l).by <j> (?;),
and integrate with re-

spect to v between the limits I and I
;
also make h approach to

unity as 'its limit. On the right-hand side the different powers
of h become ultimately unity. The numerator of the fraction r,

on the left-hand side will ultimately vanish, and thus the

integral would vanish if the, denominator of the fraction were
never zero. But if x lies between I and I,

the term .

1 TT ("y ff\
"^ * " " r"" s *** * * '"*' ' ""**' '" '

' " '" lw ' '

-."),

,4cos
j

- will become equal to unity during the integra-

Jjpji^and thus the denominator of the fraction will be (1 7i)

2

, ^

!

and will tend towards zero as h approaches unity. Thus the

integral will not necessarily vanish
;
we proceed to ascertain

its value. Let v x= z and h = lg, thus
'

n (V X) J-2i cos ^ L + g + 4i sm *

Now the only part of the integral which has any sensible

value, is that which arises from very small positive or nega-
tive values of thus we may put *

. TTZ TTZ
sin ~r = 7-

21 21

and
<f> (x + )

= $ (x) ;
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and the integral "becomes

7T

Suppose a and ft to be the limits ofz; we thus get

gl

Hence, finally, when g is supposed to vanish, we have

03). Thus if # lies between I and Z,

/ \ j 1
*?+

'

If however x l or 7, then the integral on the left-

hand side has its sensible part when v is indefinitely near to

I and I
j
we should then have to perform the above process

in both cases, but the integral with respect to e would only
extend in the former case from /9 to '0, and in the latter

from to a- Hence instead of 2l<}> (I)
on the left-hand side,

we should have
lip (1) + l<p ( 1} ;

and therefore instead of

$ (x) on the left-hand side of (2) we should have

Thus we have determined the value of the right-hand
member when x lies between I and Z, both inclusive

; its

value in other cases can be determined by the method ex-

plained in Art. 321.

309. In the same way as the result in Art. 308 is found,

we have, if we integrate between and Z,

oo f
z

, / % nir(v~x} j /1N
r ^W 008--j

-~dv...... (1);
JO, *

this holds if x has any value between and Z; but when
x = the left-hand member must be

(j> (0), and when x = Z
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the left-hand member must be |-< (Z). ,

Thus we have deter-

mined the value of the right-hand member when -x lies

between I and ?, both inclusive
;

its value in other cases

can be determined by the method, explained in Art. 321.

Similarly

A 1 I
1

j. / \ j 1^> j f \
,

+ C S- -
this holds for any value of sc between and I

;
but when

x = the left-hand member must be ^ < (0), and when x = I

the left-hand member must be ^ ^ (I).

From (1) and (2) by addition

J! / \ 1 I**/ / \ 7 2 V*> M7ra: f
l nrFrV J / \ 7 /n \

<p (x)
= y f

<^> (v) at? + 7 2 X
cos -v I cos j <p (v) av (3).

v
tJO & JO i>

This holds for any value of x between and I, both in-

clusive.
*~^*.

tuft*..... "

From (1) and (2) by subtraction

,, 2^00 . n-jrx f
1

. nnrv ,
. . ,

'

N^(x)^^ sin y- sin-T-^(w)av ...... (4).
6 6 J o t

This holds for any value of a? between and I both exclu-

sive
;
and when & = 'Or I, the left-hand*memD^r^Ko1itcr*be

zero.
"''"*

Equation (4) coincides with Lagrange's Formula.

We may observe that either of the formulae (3) and (4)

may be deduced from the other. Suppose we take (3) and

write sin
-7-

<
(a;)

instead of $ (ce).- Thus
u

. TTX
sin -- ,

. . 1 f
1

. 1TV
,

. 7

<p (x)
= T sin -y- <

(w) w>
" J ^ '

7T05 f
Z

?17Tiy . 7TW . , v -

? I cos j- sm -j- 9 (v) era.
d J A t It

W7T05
cos

A
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vr .
. 7TV 1 . ft + 7ry 1 . n 7TV

'

.Now cos j- sin
-y-
= - sm --^-- - sin --^ -j

I 12 u A if
and therefore it will be found that the result may be exhibited

thus,

. TTX
, f

,

sm
-y (a)

=

3 ^oo f fa 1) 1TX (W + 1) THE) f Z
. WTTV , . ,

-- --- ---- -cos --,--- cos --
-,
-

f
sm"( 6 6 J J o t

T (?i 1) TTO; (71 + 1) Tra; _ , hirx . TTX
also cos --

j

2-- cos --p- = 2 sm ,- sm -y- ;

o 6
,

66
TTO:

and therefore by division by sin y- we obtain the for-

mula (4).

We will now give some examples.

310. Expand a; in a series of sines. Take formula (4) of

Art. 309, and suppose I TT
;
then

f . , v cos nv sin nv
v sm nv dv = 1 2 :

J 71 n

r TT rrr rrr

therefore v sin nv dv = - if n be odd, and if n be even,
Jo n n

Thus
a; = 2 {sin x J- sin 2rc + J sin Bx \ sin-4 + }.

This holds for values of so between and TT, and as both

sides vanish with so it holds when cc =
;
and it is obvious

that if it holds for any positive value of x it holds for the

corresponding negative value
;
hence it holds for values of x

"between TT and TT, exclusive of these limiting values.

311. Expand coses in a series of sines. Take formula

(i) of Art. 309 and suppose Z = TT
;
then . ,

r
cos v sin nv dv

-J-
(sin (n + 1) v + sin (n 1) v} dv

t \ \. \ / \ / J

J

cos (n + 1) v cos (n 1) v\
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therefore I cos v sin nv dv = if n is odd,
Jo

=
a

_-_

- if n is even ;

therefore

2 (4 . 8 . 1+ ( 1)" .

COS23
~|g

S1
15

"
tf l

""" '

This holds from x = to x = TT, exclusive of these limit-

ing values.

312. Suppose we endeavour to expand a constant quan-

tity in a series "of sines. Denote the constant by c; then

putting G for $ (v) in formula (4) of Art. 309., and supposing
/ = vr we obtain

= -Ismaj-f-sm 3a3 + -sin5:e+ ...
TT

(
3 5

J

Hence dividing by c we obtain

TT 1 . 1 .

--= sin x + - sin 3aj+ - sm 5x + . .,

4 i> 5

This holds from x= to x = TT, "both exclusive.

7T
If we put-- y for as, we obtain the following formula

A

rrr trr

which holds from y
-~ to y = ,

both exclusive,A A

-= cosy -cos 3?/ + -co&5y ...
^c O O

313. Expand a; in. a series of cosines.

Take formula (3) of Art. 309, and suppose I = TT
;
then

/
y

, v sn nv cos
cos wv av =--1

--
'
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rw 2
therefore v cos nv dv if n be even, and 5 if n be

Jo n

odd; and

_
T'

thus # = 77 (cos # -h -p cos 3# -{- 2-cos5# + }.
a IT O

This holds from x = to x TT both inclusive.

If we put a; = -
y, we obtain the following formula,

2>

which holds for any value of y between - and
,
both in-

a u

elusive, 411
?/
= -

(siny
--

2 sin 3y + -^
sin 5y -...}.

314. Expand e* in a series of sines.

We shall obtain

O m
f* = .- V

(1
_ cos n7re*r\ sin wa;-

TT
J a2

4- ^ ^ ;

This holds from a? = to so = TT, both exclusive.

315. Expand c
re;i!

in a series of cosines.

We shall obtain

a_ e
a7r

1 2a ^ TO cos nnrearr I
e

ra:c j > w rna 'n'y
1 4. Y~. a

*-'ua 'tu''
a?r TT a + n

This holds from x = to x = TT, both inclusive.

316. Expand sin 00? in a series of sines, a not being an

integer.

We shall obtain

TT sin ax
__

sin x 2 sin 2,-r
.
3 sin 3r

~~

I
2 - aa

2*"
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This holds from x = to 23 =
71-,

the former inclusive, the

latter exclusive.

317. Expand cos ax in a series of cosines, a not "being

an integer.

We shall obtain

TT cos ax _ 1 a ens x a cos %x~" 2y 2 2
~ ""

: - T

This holds from x = to x = TT, both inclusive.

318. Expand eax e~ax in a series of sines.

Here I (e
av e~

av
)
sin nv dv 5 cos W7r-

J()
ft + 71

7T e
ax e~

ax _ sin x 2 sin 2# 3 sin 3x
Therefore -- ^=^- -,, ,

,-
rt , ,

+ 2
,

*

319. Expand e
a^~x

'

) + e~a ^~x^ in a series of cosines.

/n- ^ ffi*'
7 6~aiT ')

Here I \e
a^~v^ + e~a^~^} cos nv dv = 5

3

J
l

ft +71

and

TT e ^-*) + e,~ a(̂ -^ 1 cos a; cos 2oj_
em _ e

-a,
=^ +

JT+ ^I
+ 2^^

320. It may be observed that from the formulse which
have been given others may be deduced by integration ;

and
in general the series thus obtained are more rapidly conver-

gent than those from which they were deduced.

For example, take the formula for cos x in a series of sines

given in Art. 311
; integrate, thus

^ -
, ,

cos %x cos &x cos Qx= constant
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By putting x = 0, we find that the constant is f . The result

agrees with what we should obtain by expanding sin x in a

series of cosines.

321. We have shewn that the formula (3) of Art. 309

holds for any value of as between and I both inclusive;

it is easy to determine what the right-hand member is equal
to when x lies beyond these limits. Suppose x positive, and

between I and 2; pute = 2Z x so that x is less than I,

then
nirx / nirx'\

cos , = cos I xnTT-- 1
= -mrx

cos,
--

j j
L \ It J i

therefore the value of the right-hand member is
<j) (x'}. "Next

suppose x greater than 2Z; and suppose it equal to 2ml+x,
where x is less than 21; then

rnrx
cos = cos

I L
>

so that the value is the same as it would be if x' were put
instead of x ;

that is, the value is
tj> (x

1

}
if x' be less than I,

and
(j> (2l x) if as be greater than L

It is obvious that for any negative value of x the value is

the same as for the corresponding positive value.

Similarly we may shew that if x is positive and = 2?n?+ x,
the value of the right-hand side of equation (4) of Art. 309 is

the same as if x were put instead of x, and is < (x'} if a/ be

less than I,
and < (llx'} if x' bo greater than I. And for

negative values of x the value is the same numerically as

for the corresponding positive value, but with an opposite

aign.

322. It may be observed that in the fundamental demon-

stration of Art. 308, we suppose that when li approaches unity
iia a limit, the expression

fr
1h
n

(j> (v) cos
=~j

dv
I (f

may bo replaced by

, . WTT (v x] ,

(v) cos . dv,
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however large n may be. We may shew tliat no error arises
from this supposition, by proving that the latter integral
vanishes when n is increased indefinitely. We have

cos dv = sin
6 7TO

,/ , x --* Main -

which shews that the integral on the left-hand side will vanish
when n is infinite, at least if

<j> (v) be not infinite.

323. We have not yet alluded to one of the most re-
markable points in connexion with the formula (3) and (4) of
Art. 309. In these formula < (x) need not be a continuous
junction; for example, from cc~Q to x = a we might have
$ (*) =/t (a), then from x = a to a? = 5 we might have
$ (

x
} =/2 (). then, from a = 5 to o: = o we might have

(^ =/(*) then from a? = c to o; = Z we might have
(#) =/4 () The formula (3) for instance would still be

true for all values of x- between and I inclusive, as is evident
from

^the
mode of demonstration, except for the values where

the discontinuity occurs. When for example x = a, then the
value of the right-hand member would not be / (a) or f la\
but A{/t (a) +/2 (a)}. If therefore for a=T we have
ft H ~fa H> the formula holds also when x ~ a.

Some writers adopt a mode of expression for such a
formula as (3) of Art 309 which draws attention to the pos-
sible discontinuity. Instead of

<f> (a?) on the left-hand side
they put ^ \6 (x + e) 4- <

(a;
-

e)J, where e represents an incle-

iimtely small positive quantity. Thus when there is no dis-

cpntmuity the limit of .0 ( + e) is
<t>(x], and so also is the

limit of tf>(x~ e}. But suppose that when to = a we have the
discontinuity just indicated; then the limit of (ifa + e) is
/2 (a), and the limit of

<j> (a
-

e) is /t (a).

l ;

324 Find an expression which shall be equal to o whenx lies between and a, and equal to zero when * lies between
cs and I. ,
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Take formula (3) of Art. 309. Here < (v)
= c from v =

to v a, and then from v = a- to v = I it is zero
;
thus

nirv . . ,f
I

Jo
cos

, Ca mrv -,
cl . mra

becomes c I cos -7 av = sm 7 .

; I mr I

therefore the required expression is

ca 2c ( . Tra TTX 1 . 27ra Qrrx
__

-|
---- j sm cos ~yr -j-

- sin -y- cos y-iTTlfc i & l> I

1 . 37ra STTOJ
+ gSm-y-cos-T

-

this will give -Jc
when 03 = .

Or we may use formula (4) of Art. 309. Then
fa . nwTr 7 cl /

c sin ,- av = - - - 1 eos

and we have for the required expression

2c f TT . TTX 1 2?ra . 2irx
4 vers -7- sin - ,- + - vers -, sin r-

7T
(

6 LA i i

I BfTCl .

this gives when x= 0, and c when x a.

325. Find an expression which shall Tbe equal to lex from
I I

x = to x = ^ ,
and equal to 7c (? a?)

from x = - to 02 = I.

Here
z

W7TVTZ niTV "-, [^ -, 717T1) -i [ i n \ W7I
rf> (v) cos

7
a-y = 7cw cos y- av 4- 1 /c (t v) cos

j
/o

^
-/o

(* J
.l

L

2

mr .
1 WTT 1 1 .

/c?
B

/_ _.... WTT\= '-f-- sin ~ +-v-cos~ -Sr r + - - sm TWT - sm -
1

TT 2w 2 nir 2 wV) 5'47r V * /

COS-
, I %7T COS 7T

"-
I
- sin nir rr- Bin - + -., v

7T I W 2n 2 W 7T

.. , _ cos -:- cos nir 1
}"

.

7T W 2
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This is j-r, when n is of the form 4r 4- 2, and in every
. IT n

other case, and

FI /-a

I $ (y) $y = 7c I -y dv
J ' ^

thus the required expression is

^ J
-7j cos i t- -ra cos -^^r^ 4-

... 4 7T (.a
u () v

If we denote this by y, then from x = to a; = \l both in-
'

elusive y = lex, then from x~\l to cc == I both inclusive

y = lc(l x} ;
for values of aj greater than I the values of y

recur as shewn in Art. 321. Thus the value of y is the

ordinate of the figure formed by measuring from the origin

equal lengths along the axis of x to the right and left, and

drawing on each' base thus obtained the same isosceles tri-

angle.

As another example we may propose the following :

find a function < (x} in terms of sines which shall be equal
to'cc from # = to x a, then be equal to a from x = a. to

x ir-~a, and then be equal to TT x from X = IT atox = 'jr.

The result is

. 4 (
, 1 . . i .

73" I
** &

this is true from x = to x = TT both inclusive.

We may give the following

geometrical interpretation .
of this

result:

Let OA CB be a square, such

that OA =TT, and OJ3=n. Take
for the origin, OA for the _ _

axis of x, and (9-Z? for the axis of

T/,
and let the axis of z be at right angles to the axes of x

and y. Let a pyramid be formed having OA GB for its base,
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and its vertex at the point & = -z,y = z-,z = : then the fol-
i 2t a

lowing equation represents the four faces of the pyramid
which meet at the vertex,

4 1 . 1
2 = {sin x sin y + -5 sin 3x sin 3y -f -^ sin 5x sin 5y -f ...},

The student may verify the following examples.

If x Ibe numerically less than a the expression

J
cos (2ft + 1)

Tree]

8 ,,00 <"""'"""
' *' 2a

is equal to a x if x be positive, and a + a? if a? be negative.

Prove that for values of x between TT and TT inclusive

2
7T

2
COS 2# COS 3fl3

12

This may be obtained from Art. 310 by integration; or

from equation (3) of Art. 309.

Integrate this result : thus

a;
3

. 7r*x . sin 2;r sin 3x
_ ___ m____ __ ._, Q i n rp ! ______ __,

. _,
_. ^_

12 12
~ SmCC+

2
3

- 3"
+> "

Find an expression in terms of sines which shall be equal
TTtXs

to sin from x = to x a, and equal to from x = a to
a

"

a; = TT. The result is

"sin a sin x sin 2a sin 2a; sin 3a sin So;^-- + -____. +__ av +

Find an expression in terms of cosines which shall be
rrr err*

equal to - a;
2 from x = to a; =

,
and equal to from

err*

to X = TT. The result is
2

T. i. a 20
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fcos 2x cos 4iP cos

Other formulae may be given analogous to those in

Vrt' "30*9
" we will here investigate some. We have from

Art. 309

-t J

This holds when # has any value hetween and Z; but

when o; = the left-hand member must be -|c (0), and when

e=Z the left-hand member must be
|- <(/). In the same

manner as this result was obtained we may also prove that

$W cos^p &. .. (2).

This holds when x has any value between and I
;
but

when ;r = the left-hand member must be
<p (0), and when

x=-l the left-hand member must be
,<p (I).

Subtract (1) from (2) ;
thus

,/\ ! s- f
Z

J. t \ (2W 1) 7T (V
-

C) ,

0(^=7^ J
<ft(t')cos^ (

2^-----J-dv ...... (3).

This holds when x has any value between and I; but

when .f = Q the left-hand member must.be ^<p (0), and when
jc = I the left-hand member must be -

Xow in the same manner as (3) was obtained, we may
obtain the following result, starting with v + x instead of
** ....... -"f

1*

b "^3

L/\ (%n
-

1) ir (v + ac] 7

(w)cos^
-'- --Lfo ...... 4.

* 6

This holds when a? has any value between and 7; but
when a; = the left-hand member must be |< (0), and when
x I the left-hand member must be \ <

(Z)
.
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From (3) and (4) by addition and subtraction we obtain"

.. 20, 2 1 TTX

,. ^0,. ,
, * . (271

(a:)
= ^sm ^--- '

<j> (u) sin-*-
These hold when x has any value between and I in-

clusive, except that when x = the left-hand member of (6)

must be 0, and when x I the left-hand member of (5) must
be 0.

As an example of (6) we have

VT3G . X 1 . 3X I . 5X

T =sm---
3
,-sm Y + ^sm -...;

this coincides with the last result of Art. 313.

327. We shall apply the formula (5) of the preceding
Article to establish a remarkable theorem first given by John
Bernoulli. Let there be any curve AB the tangents of which
at A and B are at right angles ; let the involute of this curve

be formed beginning at A, and denote it by AG'
}

let the

involute of AC be formed beginning at (7; and so on con-

tinually ;
then the ultimate figure obtained will be a cycloid.

Let s be the length of the arc of the original curve mea-
sured from A to any point P; let p be the radius of curvature

at P, and 9 the inclination of fhe tangent at P to the tangent
at A. Let p^ be the radius of curvature at the corresponding-

point of the first involute, pa
that of the second involute,

p3
that of the third involute

;
and so on. Then B expresses

the inclination of p, p2 , pd ,
... to the normal of the original

curve at A] and 6 also expresses the inclination of pt , p3 ,

ps ,
... to the normal of the original curve at B. Moreover

pt i ft, ft, ... vanish when = 0; and p2 , p4 , pQ ,
... vanish

, a 7T
when a = -

.

A

ds f
Now p

== 4*
,
and p. a; thus ft =1 pd9.

CLu J o

202
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IT

f 2

Similarly, p2
=

p.dd,
J e

and so on.

Now in formula (5) of the preceding Article suppose
71"

I =
;
then since p is some function of 0, we have

2

p = .4. cos + J, cos 30 + .4, cos 50+...
i i D a

cos 50 +

Proceeding thus we obtain, when n is indefinitely large,

prt
=A

^
sin 0, or pn

=A
1
cos

;

and these equations represent a cycloid ;
see Art. 105.

We may proceed to examine the nature of the result

when the tangents at the extremities of the original curve
are not inclined at a right angle. Suppose these tangents
to be inclined at an angle a

; and put a for I in the formula

(5) of the preceding Article. Then we have
'

37T0 . 57T0os~+^B
cos + .

;
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and by proceeding in the same way as before we arrive at

the result

, . rn-O

,
or pn=~,

1 7 A
where . k~A

If It, were a finite quantity, we should thus obtain an
VT

epicycloid if a is greater than -
,
and a hypocycloid in which

i

the diameter of the revolving circle is less than the radius of
7T

the fixed circle if a is less than -; see Arts. 110 and 111;

and this is the usual statement of the results. But it will be
observed that 7c becomes indefinitely great in the former case

and indefinitely small in the latter case
;
so that in the former

case the radii of the fixed and revolving circles must be sup-

posed to increase indefinitely, and in the latter case to dimmish

indefinitely.

328. Suppose #, 5, and 5 a to be positive quantities.

Consider the double integral I cos ux $ (v} cos uv du dv.
J J a

By integration by parts we have

f , d> (v) sin uv [4>'(v) sin uv ,

<> (v) cos uv dv J ^-J-

/

- dv ;

J
r ^ ' u j u

therefore

&
. , d> (5) sin ub <b (a) sin ua

c6 (v) cos uvdv= - -

u

b (v) sin uv iL-^L dVf
U

Thus the proposed double integral becomes

snwa

n 6 cos ux <>' (v} sin uv , ,_r_i_/ du dv.

a,
u
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The first and second terms may be easily found by

\ t 9S5 In the third term we can change the order of in-

t tion and apply Art. 285 to find the result of integration

wrtlfresp'ect to u. We shall then obtain the following re-

sults :

I Let x be greater
than Z>. Then each of the three in-

tegrals
vanishes.

II. Let x be between a and J. Then the first term is

equal to J <j> (b] ;
the second term is zero. And

1

cos ux sin uv 7au
o

u

is equal to - for values of v which are greater than x, and

zero for other values of v ;
so that when we multiply by 0' (v)

said integrate with respect to v, we obtain

77" *^" / \

<f> W) <f> (X).
2 2

Thus on the whole we have

7T

2

that is T"< (a?),
as the value of the original double integral.

III. Let x be less than a. Then the first term is -
^a

the second is -
$ (a), and the third is -

{< (Z>)
<i

(a)].2 2i

Thus on the whole we have

that is zero, as the value of the original double integral.

Hence finally the double integral is equal to or to -
< (;),

2>

according as x lies beyond or within the limits a and &.
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It may "be conjectured that if x = a the value is - $ (a),

77"

and if a? = 5 the value is -
(j> (5) j

and this conjecture is easily

verified.

329. Next suppose a and ft to be negative quantities and

/? a to be positive. Then it may be shewn that

n"
J8

cos ux
<f> (v) cos ww du dv

_ X

I7T

is equal to or to -
</> (x), according as as lies beyond or

2i

within the limits a and (3 ;
and is. equal to -

</> (a) and

"77 _
-

(/3) respectively at the limits. These results may be ob-

tained as in Art. 328
;
or they may be deduced from those in

Art. 328 by putting x = so', and i) = v'.

330. By combining the results in Arts. 328 and 329 we
obtain the following : if p g_

be positive,
i.

p
cos ux$ (v) cos uv du dv

J q

is equal to or to -
<j> (x) } according as x lies beyond or

A

7T

within the limits p and q; and is equal to j^(jf) and

-

<j> (q) respectively at the limits.

And in the same manner as these results are obtained we

may shew that the same statements hold with respect to

sin ux < (v) sin uv du dv.

o J
<t

'
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331. By adding the two results given in Article 330 we
obtain the folio-wing : ifp q be positive,

> (v) cos u (x v) du dv
q

is equal to or to 7r< (x), according as x lies beyond or

within the limits p and q ;
and is equal to

.5"
6

( p) and
2

TT-
<j> (g) respectively at the limits.

2

The result just enunciated may be called Fourier's Theo-

rem; this name however is usually applied to that case of
the general formula in which we suppose y= oo

,
andp co

;

we have then for any finite value of x

1 r
m

r
m

$ (x)
=-

/
(j> (v) cos u (v x} du dv.

ffjQ J -co

332. Poisson has given a demonstration of the last result.

of Art. 331, which we will now reproduce. Take the formula

cos
I 6 J ^.l

TT 7Z7T

put j
=

7i, -j-
= nh ~ u

;
thus we haye

1
dv + -

u being a multiple of h, and the summation denoted by 2
extending for all values of u from A to bo . But if I becomes
indefinitely great the difference h of successive values of u
becomes indefinitely small, and the sum denoted by be-
comes an integral taken with respect to 'u from u - to
u = co .

^

Thus if we make I = co
,
and put du for h, and the

sign of integration instead of 2L and suppose 6 (v} is such
f

1
1

7
/ ^ (y) c?u vanishes with 7 . we have

*3T"*

7
I

cos u (v
-

x} c6 (v)* /!>/
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MISCELLANEOUS EXAMPLES.

1. Change the order of integration in the expression

'

I <f> (x, y) dx dy.
JO J o?~y?

2. Change the order of integration in the expression

(f> (x, y} dx dy.

3. Transform II <b (x, i/} dx dii into an integral with
/ n I ~

~
v J J

J (J J CLX

respect to u and v, having given u y+x, y=uv;
and determine the limits of the new integral.

n&
. .

$ (x, y} dx dy into an integral with
3

respect to u and v, having given y + cx = u, y=uv;
and determine the limits of the new integral.

5. Transform the integral

'

z)(z'3&) dx dy dz

into one in which u, v, w are the independent varia-

bles, where

, 1111 , 9u = xyz, - =
| 1-

-
, w == x" v x y z

6. Prove that

i \

i r r

j
e r

^
=

_j
6 * x \

where t = xn and r f.

(See Arts. 263 and 66
;
and transform as in Art. 24-2.)
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$a Prove by transforming the expression from rectangular
to polar co-ordinates that the value of the definite

integral

n
GO

e -(ar+3aVcosa+y<) fa fly
. a

is equal to i^TrFfshi-}, where F(am-\ denotes a
\ is/ V */

complete elliptic function of. the first order of which

sin - is the modulus.
2

-7T
2

Prove that tan lo cot'0 dQ= .

o

9. Prove that

/"V^ncot 2* sin (no
2 + a) <fo = sin (a + /9)

10. Shew that

[

4
tan-

1

{jzV(l-tau
2

a;)}
db = ^ tan"

1

Jo "

/
sin ( tan -

- cot

11. If /()= I
--s 3

- ^, determine the geometrical17
Jo sin a

meaning of the equation y = xf (sin a?)
.

12. A curve of double curvature revolves round the axis
of x

j
shew that the surface generated

...



CHAPTER XIV.

APPLICATION OF THE INTEGRAL CALCULUS TO QUESTIONS
OF MEAN VALUE AND PROBABILITY.

333. WE will here give a few simple examples of the

application of the Integral Calculus to questions relating to

mean value and to probability.

Let
<j> (x) denote any function of x, and suppose x succes-

sively equal to a, a + h, a + 2/4, . . . a + (n 1) h. Then

n

may be said to "be the mean or average of the n values

which
</> (x) receives corresponding to the n values of x. Let

b a = nli, then the ahove mean value may be written thus,

[</> Q) + ft (a + ft) +

Suppose a and b to. remain fixed and n to increase inde-

finitely ;
then the limit of the above expression is

( (x) dx

b a

This may accordingly be defined to be the mean value of

</> (x) when x varies continuously between a and b.
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334 As an example we may take the following ques-

tion; find the mean distance of all points within a circle

from a fixed point on the circumference. By this enunciation

we intend the following process to be performed. Let the

area of a circle be divided into a large number n of equal
small areas

;
form a fraction of which the numerator is the

sum of the distances of these small areas from a fixed point
011 the circumference, and the denominator is n; then find

the limit of this fraction when n is infinite.

Suppose r-j,
r
2 ,

... rn to denote the respective distances of

the small areas
;
then the fraction required is

l(r+r+ +r ]
n I 1 2

"
"J

g

Multiply both numerator and denominator by rA^ Ar, which

represents the area of a small element (Art. 148), thus the

fraction becomes

nrM Ar

The limit of the denominator will represent the area of the

circle, that is, vrc
2

,
if c be the radius of the circle. The limit

of the numerator will be, by the definitions of the Integral
f I"

Calculus, llr^dddr, the limits being so taken as to include
J J

all the elements of area within the boundary of the circle.

Thus the result is

2o cos 9

32c
This will be found to give -r .

VTT

335. The equation to a curve is r = c sin 9 cos 0, find the

mean length of all the radii vectores drawn at equal angular
intervals in the first quadrant
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It easily follows, as in the last Article, that the required
mean length is

2

c sin 6 cos 9 d6

, that is, -'.
7T

2

Again, suppose the portion of this curve which lies in the
first quadrant to revolve round the initial line, and thus to

generate a surface. Let radii vectores be drawn from the ori-

gin to different points of the surface equably in all directions:
it is required to find the mean length of the radii vectores.

The only, difficulty in this question lies in apprehending
clearly what is meant by the words in Italics. Conceive a
spherical surfacejiaving the origin as centre

;
then by equable

angular distribution of the radii vectores, we mean that they
are to be so drawn that the number of them which fall upon
any portion of the spherical surface must be proportional to
the area of that portion. Now the area of any portion of a

r r

sphere of radius a is found by integrating a2
I sin 6 d$ d9

within proper limits (Art. 175). Hence a2
sin 6 A A0 may be

taken to denote an element of a spherical surface, and 2?ra
2
is

the area of half the surface of a sphere. Thus we shall have
as the required result

ff
I a?c sin cos 8 sin 6 d$ dd
J J '

the limits being so taken as to extend the integrations over
the entire surface .considered.

Hence we obtain

2

c sin
2
9 cos c?6 eft?

o Jo , . c
5- , that is,

-
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336. A large plane area is ruled with parallel equidistant

straight lines
;
a thin rod, the length of which is less than the,

distance between two consecutive lines, is thrown at hazard
on the area

; find the probability that the rod will fall across

one of the lines.

Let 2a be the distance bstween two consecutive lines

and 2c the length of the rod. It is easily seen that we do
not alter the problem by supposing the -centre of the rod

constrained to fall upon a line drawn between consecutive

lines of the given system and meeting them at right angles,
for the proportion of the favourable cases to the whole number
of cases remains the same after this limitation as before.

Let the centre of the rod be at a distance x from the nearer

of the two selected parallels ;
then suppose the rod to revolve

round its centre, and it is obvious that in this position of its

centre the chance that it crosses the straight line is
,
where

27T

Acc
c cos

<j)
= x. And we may denote by the chance that

t

the centre of the rod falls between the distances x and x + Aa;

from the nearer of the two parallels. Thus the chance re-

quired will be denoted by the limit of the sum of such quan-
.... 26 Ao; ,1 ,

. ., M1 i 2 f
,

x
titles as - that is, it will be <p ax, where cos d> = -

.

TT a
, iraj

r T
c

The limits of x are and c
;
hence the result ,

2<"
f

*
; 7i **{*>

) sin 6 dd> - .T r

A large number of very interesting problems relating to
the

subject_
of the present Chapter will be found in the

volumes entitled Mathematical Questions, with their solutions.
from the ^Educational Times....
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EXAMPLES.

1. If r=f(&) and y=f(- j
be tlie equations to two curves,

\Cu/

f(6] being a function which, vanishes for the values
6
1 , 2 ,

and is positive for all values between these

limits, and if A be the area of the former between the
limits 6 = #j and 6

2 ,
and M the arithmetical mean

of all the transverse sections of the solid generated by
the revolution about the axis of x of the portion of the
latter curve between the limits x ad^ and cc = a6

2 ,

2?r
shew that M= /T^TT -4> supposing 6

2 greater than Qr
Z
~

&1

2. A ball is fired at random from a gun which is equally
likely to be presented in any direction in space above
the horizon; shew that the chance of its reaching

more than th of its greatest range is A / f
1

)
.

in
& & V V mj

3. From a point in the circumference of a circular field a

projectile is thrown at random with a given velocity,
which is such that the diameter of the field is equal to

the greatest range of the projectile; find the chance of

its falling within the field. ^ , 12,. .

Result. (A/2 1).

4. On a table a series of straight lines at equal distances

from one another is drawn, and a cube is thrown at

random on the table. Supposing the diagonal of the

cube less than the distance between consecutive straight

lines, find the chance that the cube will rest without

covering any part of the lines.

Result. 1
,
where a is the edge of the cube and c

CTT

the distance of consecutive lines.

5. Prove that the mean of all the radius-vectors of an

ellipse, tlie focus being the origin, is equal to half the

minor axis, when the straight lines are drawn at equal

angular intervals; and is equal to half the major axis

when the straight lines are drawn so that the 1

abscissae

of their extremities increase uniformly.
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6. An indefinite number of equidistant parallel straight
lines are drawn 'on a plane, and a rod whose length is

equal to r times the perpendicular distance "between

two consecutive lines is thrown at random on the

plane; find the chance of its falling upon n of the

2
straight lines. If n = r 1, shew that the chance is - .

7T

1 , Two arrows are sticking in a circular target : shew that

the chance that their distance is greater than the

radius of the target is .

47T

8. Supposing the orbits of comets to "be equally distributed

through space, prove that their mean inclination to

the plane of the ecliptic is the angle subtended bj an
arc equal to the radius.

9. A certain territory is bounded by two meridian circles

and by two parallels of latitude which differ in longi-
tude and latitude respectively by one degree, and is

known to lie within certain limits of latitude
;
find the

mean superficial area.

10- A straight line is taken of given length a, and two other

straight lines are taken each less than the first straight
line and laid down in it at hazard, any one position
of either being as likely as any other. The lengths of

these straight lines are & and V
;

it is required to find

the probability that they shall not have a part exceed-

ing c in common.

(a _&_j' + c
)'

JReault. =V7 -,(-
.

(a b) (a b
)

(Oanib. Phil. Transactions
> Vol. VIII. p. 386.)

11. An indefinitely large plane area is ruled with parallel
equidistant straight lines, the distance between con-
secutive lines being c. A closed curve which has no

singular points whose greatest diameter is less than c
is thrown down on the area. Shew that the chance
that the curve falls on one of the straight lines is

,
where I denotes the perimeter of the curve.

*-
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12. A messenger M starts from A towards B (distance a) at

a rate of v miles per hour, Tbut before lie arrives at B a
shower of rain commences at A and at all places occu-

pying a certain distance z towards, but not reaching
beyond, B, and moves at the rate of u miles an hour
towards A; if If be caught in this shower he will be

obliged to stop until it is over
; he is also to receive

for his errand a number of shillings inversely propor-
tional to the time occupied in it, at the rate of n shil-

lings for one hour. .Supposing the distance z to be

unknown, as also the time at which the shower com-

menced, but all events to be equally probable, shew
that the value of M's expectation is, in shillings,

nv ( I u 11 (u -f v) , u + v)- J----L : (

13. A large plane area is ruled with parallel equidistant

straight lines, and also with a second set of parallel

equidistant straight lines at right angles to the former

set; a thin rod is thrown at hazard on the area:

find the chance that the rod will fall across a line.

(See History of...Probability, page 347.)

14. Suppose a cube thrown on the system of lines described

in the preceding example: find the chance that the

cube will fall across a line.

(See History of.., Probability; page 348.)

15. Let there be a number n of points ranged in a straight

line, and let ordinates be drawn at these points ;
the

sum of these ordinates is to be equal to s : moreover

the first ordinate is not to be greater than the second,

the second not greater than the third, and so on :

shew that the mean value of the ril1
ordinate is

s (1 1 1 1
)_ j__i---

1

---
j. ... -|
-- 1

n [n n 1 n 2 n r + 1)

(See History of. , .Probability, page 545.)

T.I.C. 21
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CHAPTER XV,

CALCULUS OP VARIATIONS,

Maxima and Minima, of integrals involving one dependent
variable with fixed limits.

337. THE theory of maxima and minima values of given
functions is fully considered in works on the Differential

Calculus. If, for example, y denotes any given function of an

independent variable x, then we can find the value or values

of so which make y a maximum or minimum, or we can shew
that there are no such values in some cases.

We are now however about to consider a new class of

maxima and minima problems.' Let y denote a function of cc

which is at present undetermined
;
and let F denote a given

ft/if cL tj

function of a?, y, ^, ^v- Suppose we wish to find the

relation which must hold between x and y in order that the

integral I Vdx, taken "between given limits, may have a maxi-

mum or minimum value. We cannot here effect the integra-
tion because y is not known as a function of x, and therefore
Fis not known as a function of x

; thus the ordinary methods
of solving maxima and minima problems do not apply. We
require then a new method, which we shall now proceed to

explain.

338. The department of analysis to which we are about
to introduce the student is called the Calculus of Variations ;
its object is_

to find the maxima or minima values of inte-

gral expressions, the expressions being supposed to vary by
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assigning different forms to the functions denoted by the de-

pendent variables. It will be seen, as we proceed, that the

method of -finding these maxima or minima values is analogous
to that of finding ordinary maxima or minima values by the

Differential Calculus,

339. It will be useful to recur to the method given in

the Differential Calculus. The student will remember that

the terms maximum and minimum are technical terms, which
are defined and illustrated in treatises on the Differential Cal-

culus ;
and they are used in mathematics in the' sense there

assigned to them. Mistakes are frequently made by eon-

founding a maximum value in the technical sense of the word
maximum, with the greatest value in the ordinary sense of

the word greatest.

Suppose y a given function of an independent variable sc ;

then if an indefinitely small change is given to x, in general
an indefinitely small change is consequently given to y, which
is comparable in magnitude with that given to x. The pro-
cess of finding a maximum or minimum value of y may be
said to consist of two parts. First we determine such a value

of x that an indefinitely small change in it does not produce
in y a comparable indefinitely small change, but a change
which is indefinitely small compared with that of x. In the

second place, we examine the sign of this indefinitely small

change which is produced in y by the change of x
;
and for a

maximum this sign is to be necessarily negative, and for a

minimum positive.

We may therefore describe this process briefly thus; we
make the terms of the first order in the change of the depen-
dent variable vanish, and we examine the sign of the terms

of the second order. We shall pursue a similar method
with the problem which we have now to discuss

; we confine

ourselves, however, at present entirely to the first part of the

process, and shall hereafter recur to the second part.

340. We have first to explain the notation which will

be used. Let x denote an independent variable, y any func-
{JAi fj ?/

tion of sc, and
-j- ,

~
f
... the differential coefficients of ydx dx

212
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with respect to as. We shall use y to denote an indefinitely

small quantity which may be any function of x
;
and if u

denote any quantity whatever which depends on ^ we shall

denote by Bu the increment which u receives when y is changed
into y + %. Thus, for example, consider the differential co-

efficient --
; when y receives the increment Sy this differen-

tial coefficient receives the increment j- >
so that by B-j-

we mean -~
. It is often convenient to use the symbol p

ax
7 7K

for -~
;
and so also Bp is a convenient symbol for -~ .

d\i
Again, consider the second differential coefficient ~~; when

y receives the increment By this second differential coefficient

73 c*

receives the increment rHr, and as the second differential
ClX

coefficient is often denoted by a we may conveniently use Sq
-1 n r\

for ~j~ . Similarly r and s may be used for the third and
CirQtj

fourth differential coefficients ofy respectively, and Sr and Ss for

d 3

$y , d^y . , ,

-j-f and -j-^ respectively ;
and so on.

Ui'> (L'Jb

The differential coefficients are also often denoted by
y'> y"> y"> 5

an(3- tntls ^/'j V? ^'"? ma7 heused as equi-
valent to Sp, Sgf, Sr, . . . respectively.

341. The introduction of the symbol B is due to La-

grange. .
The student will see that this symbol resembles in

meaning the symbol d, which is used in the Differential Cal-
culus. Both dy and &/ express indefinitely small increments

;

dy however is generally used to denote the change in value, of
a given function consequent upon a change in the value of the

dependent variable, By is used to denote the change made by
ascribing an arbitrary change to the,form of a function. The
quantity denoted by 8y is called the variation of y.
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T 73

342. Let F denote a given function of x, y, -jr , ~^, ...
;

/"a
1

,

and let U I Vdx, where X
Q
and x

{
are supposed to denote

J X

given limits. The value of V cannot be found so long as we
do not know what particular function y is of x

; but without

knowing this we are able to obtain an expression for the

increment made in U by ascribing the arbitrary increment $y
to y, from which important inferences can be drawn.

Suppose F=
<f> (x, y, y', y", y

1

", . .
.) ;

then by definition

The first term, may be expanded by the ordinary exten-

sion of Taylor's theorem
;
thus

dV

where -7- is the partial differential coefficient of F with
eft/

1

respect to y, also -p is the partial differential coefficient of F

with respect to y'-} and so on.

In the above expression for SFwe have only expressed
terms of the first order, that is, we have omitted the terms of

the second and higher orders with respect to the small quan-
tities %, by,.... This we shall continue to do throughout the

remainder of the investigation.

Then
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We shall now transform this expression by integration by
parts. For shortness put

W- N dV__ dV_ dV_~*> ~
' ~^ '-^'"

Then

r*i r*i d
therefore I Poy'dx (PSy)i (P8y} l

-=

/* >*#0 ^
Here (P%) a

is used to denote the value of PSy when x
1
is

put for a;, and (P%) is used to denote the value of PSy
when a? is put for x

;
a similar notation will be used through-

dP
out. It is to be carefully observed that -y- means the com-

plete differential coefficient of P Vith respect to x} that is to

say, in forming -j- we are to remember that y and its differen-
CuX

tial coefficients all involve x implicitly.

Again

= g -
dx J dx dx

therefore

Similarly
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^

This process may be continued until all the symbols
ty'> ty", <V" %""> . are brought from under the integral
sign. It is to be observed that all the differential coefficients

dQ d*Q dE d*R d*R
7

-. .. . _ .
,

d~ ' 7P* ' ^T~ ' ~fT* ' ~J~^
are comP^e differential coefficients.

Hence finally

T ^i H -7-T
--

7-8 + ...

Here we have adopted some obvious simplifications of nota-

tion; thus we use Byt
for (By) l} and 8pt

for
( ~] ,

and
V dx / 1

so on.

343. The value of 827 may be denoted thus,

8U=H
t
-H +

where JET
l
denotes a certain aggregate of terms in which aj

t
is

put for x, and If a similar aggregate of terms in which X
Q
is

put for x
]
these aggregates do not involve any integrations.

Also

~ ,T dP
__

dx dx? dx3
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Since H B-o involves only the values of the variables at

the limits, we shall sometimes speak of S^H^ as the terms

at the limits.

344. We can now determine the conditions that must

hold in order that U may have a maximum or minimum

value. For, in order that U may have a maximum or mini-

mum value, BU must vanish, whatever By may be, provided

only that it is an. indefinitely small quantity. This requires

that , _K= and .5^ J7 = 0.

For if K is not always zero, it will be in our power to give

such a value to By as will make BU positive or negative at,

our pleasure,
and not zero. Suppose, for example, that the

highest differential coefficient of By which occurs in
.fl^ -fij

is

the %th . Put By = a(cc x^f
n
(x x Y

n
, where a is a function

of x which is indefinitely small, and is at present undeter-

mined. Then this value of Sy makes Hi
~H vanish, so that

SU reduces to I

l

KBydx. Now take a such that it is always

positive when K is positive, and negative when K is nega-

tive ;
then B Vis necessarily positive. And if the sign of a be

changed, BU is necessarily negative. Thus if K is not

always zero, it is in our power so to take By as to make BU
positive or negative at our pleasure.

Hence for a maximum or minimum value of U we must

have J ;
and then I KSydx vanishes, and therefore also

345. The student has now become acquainted with the

essential features of the Calculus of Variations; these are

f^i
(1) the reduction of BIT to the form H

t
JEF + I KBy'dsc,

x

(2) the principle that K must vanish in order that U may be
a maximum or minimum. Although the subject admits of

considerable development, by various extensions of the prob-
lem we have considered, still the two results we have already
obtained are the chief results.
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346. We now proceed to examine more closely the

nature of the two conditions

Jf=0 and jETj-.B^O.

The equation If= is what is called a differential equa-
d?y

tion. Suppose that -~ is the highest differential coefficient
CL'Xi

which occurs in F; then this will in general occur in R also,

and therefore in T-T the differential coefficient ~k will
da? ax

occur, and this will be the highest differential coefficient which

occurs in K, so that the differential equation K~ will Ibe of

the sixth order. And in general the order of the differential

equation is twice the order of the highest differential coeffi-

cient which occurs in K

It is shewn in treatises on Differential Equations that the

solution of a differential equation involves as many arbitrary

constants as the number which expresses the order of the dif-

ferential equation. We must now shew how the arbitrary

constants which arise from the solution of the equation K
are to be determined, so that a definite result may be ob-

tained. The condition H
1
-H = Q serves for this purpose.

Two cases may arise.

(1) Suppose that no conditions are imposed by "the prob-
lem on the values of y and its differential coefficients at the

limits of the integration; then 8^1 , Sy , Sp13 Bp0)
... are all arbi-

trary quantities, that is, we have it in our power to suppose

any indefinitely small values we please for these quantities ;

for example, we may suppose that as many of them as we

please are zero. Since 8y^ SyQ} Bp^-Bp^,...
are thus all arbi-

trary, in order that H^ ZT may certainly vanish, the coeffi-

cient of each of the arbitrary quantities must vanish.
_

This

furnishes for determining the constants as many equations as

there are constants.

(2) Suppose that conditions are imposed by the problem

upon the values of y and its differential coefficients at the

limits of the integration ;
then Sylt By , Bp1} 8j?0>

... are not all

arbitrary, for some of them can be expressed in terms of the
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rest "by means of the given conditions. Let as many as pos-
sible of the quantities Syi: %OJ Bplt 8p0) ... be eliminated from
H JS0> and then the

coefficient^
of those which remain must

be
1

equated to zero. The equations thus obtained, . together
with those which express the given conditions, will form a

system equal in number to
^

the number of constants, and
therefore will serve to determine those constants.

347. The principal difficulty
in examples consists in the

solution of the differential equation K 0, and this difficulty
is frequently insuperable.

"We will now shew that when V does not explicitly con-

tain the independent variable, one step in the solution of the

differential equation can always be taken. It will be suf-

ficient for practical purposes to confine ourselves to the case in

which V involves no differential coefficient of y higher than
the third.

Since V is supposed not to involve x
explicitly, we have

for the complete differential coefficient of V

^
.

dx ax ax ax dx

And by supposition

Thus

dV dP dy j-.dp d z

Q
dx dx dx dx dx* dx dx dec

3

jSTow

dP dy r)d'p d j-.diJ

dx dx dx~^x dx'

dx* dx v dx dx\dx dx'

. = _
dx3 dx dx dxdtf dx dx
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Hence
3 by integration,

where is an arbitrary constant. The highest differential

coefficient that can occur in (2) is - which occurs in -5-0 ;
rlw n^y*
\AJiAJ LViAJ

thus (2) is a differential equation of the fifth order, which is

a first integral of the equation (1) which is of the sixth order.

Particular cases may be obtained by supposing R or Q or P
to be zero. For example, the .most useful case is that in

which V involves only y and
-j-

so that (1) becomes

1 /7/yi
'

\Ant~>

and (2) becomes

dx

348. The differential equation K is also susceptible
of one integration when V does not contain the dependent
variable. For then N=. 0, and the equation becomes

^P'__^_Q,^R_
G/tJO CbvCi G/'JO

and therefore

dx dx*

rxi P Q^g
349. We know that Vdx-l

V-j-dy, supposing the
J a?o " H

limits of the integration with respect to y taken to corre-

spond to those of the integration with respect to x. And the

differential coefficients of y with respect to x may be expressed
in terms of the differential coefficients of x with respect to y.

Thus in I V -r- dy we may regard y as the independent vari-

able, and x as the dependent variable, and proceed to find

the maximum or minimum value of the integral in this new



332 CALCULUS OF VARIATIONS.

form. "We may feel a priori certain, as the problem is really

not changed "by this change of the independent variable, that

we shall obtain the same result as if we had kept the original

independent variable.
'

Hence the cases considered in Arts. 347 and 348 may be

seen to coincide.

350. Again, let us suppose that V involves only p and

a. Then the differential equation K reduces to

therefore, by integration,

dx dx dx

l
dss dx

therefore, by integration,

Here O
i
and G

2
are arbitrary constants. In this case the

differential equation jT=0 is of the fourth order, and the
result we have obtained is a .differential equation of the second
order ;

so that we have effected two steps in the integration
of the differential equation K 0.

351. We shall now proceed to consider some examples ;

as we have already intimated we confine ourselves entirely to

the frst part of the process for finding maxima and minima
values ; see Art. 339.

352. To find the shortest line between two points.

This example is introduced merely for the purpose of

illustrating
the formulae, as it is obvious that the result must

be the straight line joining the two points.
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Here F=V(l+p
2

) and U= (*' V(l+/) dx.
> XO

Thus F involves only p, and tlie equation K= reduces to

dP
-T- = ;

thus P must be a constant, that is. -77-^ ^ must
'

f
.

be a constant. This shews that p must be a constant, and
therefore the required curve must be a straight line.

In this case H, -K= -77^^ -
1 2

If now the two points are fixed points, we have S^ and

&/ = ;
thus Hj_ H vanishes. Then the value ofp must be

found from the condition that the straight line must pass

through the two fixed points.

Suppose however that the ordinates of the two points are

not fixed
;
the abscissce are fixed because x^ and x are taken

to be invariable. In this case Syl
and Sy are arbitrary ;

and
therefore H^ H^ will not necessarily vanish unless the coeffi-

cients of
^>yl

and y vanish. This requires that p1
and p

should vanish, and as p is a constant by supposition this con-

stant must be zero. Thus our formulae are consistent with

the obvious fact, that when two straight lines are parallel the

shortest distance between them is obtained by drawing a

straight line perpendicular to them both.

353. To find the curve of quickest descent from one

given point to another.

The following is a fuller statement of the meaning of this

problem. Suppose an indefinitely thin smooth tube connecting
the two points, and a heavy particle to slide down this tube

;

we require to know the form of the tube in order that the

time of descent may be a minimum. The problem is known

by the name of the IraoTiistochrone; it was first proposed by
John Bernoulli in 1696, and gave rise to the Calculus of

Variations.

We shall assume that the required curve lies in the ver-

tical plane which contains the two given points. Let the axis

of y be measured vertically downwards, and take the axis of
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x to pass through the upper given point. The particle is

supposed to 'start from rest, and then by the principles of

mechanics the velocity at the depth y is V(2^)- Tlms tlie

time of descent is

1

-^ We may then take

Here V involves only y and p ;
so that, by Art. 347, for

a minimum we must have

* ,
_ .. .

that is, ^
--

V{2/(l+/)}
+ '

Hence y (1 +i>
9

)
= a constant = 2a suppose ;

a 2a ,y

therefore P ==

A r
^ /_y..

therefore ^
- (^

therefore aj = avers"^- V(2ay-/) +&, where & is another
&

constant.

This shews that the required curve is a cycloid with its

"base horizontal, its vertex downwards, and a cusp at the

upper point.
We may suppose the origin at the upper point

so that x = 0, and then 5=0.

~\ r
Here -= "

)}" LV{2/ (1+.?
1

) J

As we suppose both the extreme points fixed Syx
and

vanish, and therefore H^ S
Q
vanishes,
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The constant a must be determined by tlie condition that

the cycloid shall pass through the lower given point.

Suppose however that only the abscissa of the lower point
is given, and not the ordinate. Then, as before, H vanishes,

| ApAo/J
and HI = ,,% t . Now %x

is arbitrary, so that in order that

Hi may vanish, we must have p^ ;
thus the tangent to the

cycloid at the lower limiting point must be horizontal. This
condition must be used in this case to determine . the con-
stant a.

354. "We .may modify the preceding problem by sup-
posing that the particle does not start from rest, but starts

with an assigned velocity. In this case we will suppose that

the axis of x is not drawn through the upper point, but is so

taken that the velocity at starting is that which would be

f
lined in falling from the axis of x to the upper fixed point,
he solution remains as before; the cusp of the cycloid is

however no longer at the upper fixed point, but in the axis

of x,

355. To find the curve connecting two fixed points such
that the area between the curve, its evolute, and the radii of

curvature at its extremities may be a minimum.

By Art. 157 the expression which is to be made a mini-

mum is

f<S\ ft I /x|2\2

dx.

Here V involves only p and # j and therefore, by Art. 350,
for a minimum we must have

that ismat is,
-

-5

therefore
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By integration

.
......... (i).

therefore by integration,

0,tan^ -
g
+̂
+
/'

=% + constant ;

add <72 to both sides of this equation, and we have

a.taii-p+^l^-^
+ a. ......... (2).

Eliminate tan""
1

^ from (1) and (2) ;
thus

therefore

is such that 45= a 4
-

GI <7
8

.

Let s denote the length of the arc of the curve measured

from a fixed point ; then, by integrating the last equation, .we

have

This shews that the required curve is a cycloid ;
see Art. 72.

We must now examine the expression E^-E^ we have

As the extreme points are supposed fixed, %x
and 8?/

vanish ;
thus

17,
=^, J5r

o 8jp Q .
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Suppose we impose the condition that the tangents to the
required curve are to have fixed directions at the extreme
points ;

then Spt
and 8p vanish, and H^

-H
Q vanishes. In

this case the cycloid must be determined from the conditions
that it is to pass through two given points, and its tangents
are to have fixed directions at these points.

If, however, no condition is imposed on the values of p at
the limits, we must have Q1

= and Q =
0, in order that

HI -H may vanish. Now Q =- f' ;
and the radius of

(1 + p2)t
curvature =-tL.. Thus the radius of curvature must

vanish at the extreme points, that is, the cycloid must have
cusps at those points.

356. To find the form of a solid of revolution, that the
resistance on moving through a fluid in the direction of its

axis may be a minimum, adopting the usual theory of re-

sistance.

Take the axis of x as the axis of revolution. Then adopt-
ing the theory of resistance which is explained in works on

Hydrodynamics, the expression which is to be a minimum is

yp* JM

Here V involves only y and^, and therefore "by Art. 347,
for a minimum we must have

therefore _+ C70.

This is a differential equation for determining the required
curve.

T. I. C. 22
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Integrals with limits subject to variation,

357. "We have now sufficiently explained and illustrated

the method of finding tlie maximum or minimum value of an

integral expression involving one independent variable, when
the limits of the integration are supposed invariable. We
shall proceed to some extensions of the problem; and we

begin by considering the modification which arises from sup-

posing the limits of the integration variable.

Suppose, for example, that we have two given curves in

one vertical plane, and that we wish to find the curve of

quickest descent from one of these curves to the other., the

particle starting with the velocity obtained in falling from a

given horizontal straight line. Here we have to find the

point at which the particle is to leave the upper curve, and
the point of the lower curve towards which it is to proceed, as

well as the path which it is to describe. "We have therefore

to effect more than in the examples hitherto considered, and
we shall now explain how we may proceed.

We know, from what has been already given, that the

curve must be a cycloid with its base horizontal and a cusp
on the given horizontal straight line. For suppose any other
curve drawn from any point in the upper curve to any point in

the lower; this curve cannot be that of minimum time, for we
know that, without changing the extreme points, we can find

a curve of less time of descent than this curve, namely a

cycloid with its base horizontal, and a cusp on the given horizon-
tal line. Since then we know that the required curve must be
such a cycloid, the part of the problem which depends on the
Calculus of Variations may be considered solved; and we
may investigate, by the ordinary rules for maxima and minima,
the position of the particular cycloid for which the time is a
minimum. In feet, taking any arbitrary initial and final

points, we may find the .equation to the cycloid passing-
through these

points ;
then the time of descent will become

a known function of the co-ordinates of the initial and final

points, and we may determine for what values of these co-
ordinates the time is a minimum.
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358. We have shewn in the preceding Article that it is

not absolutely necessary to make any modification in our for-

mulas in order to include the case in which the limits of the

integration are supposed to be susceptible of change; for the

process already given, combined with the ordinary rules of

the Differential Calculus, would enable us to solve any ex-

ample. It is however convenient to bring together all that is

wanted for solving such examples, and accordingly we shall

now supply the requisite modification of our original for-

mulas. As before, let

U = Vdx.

Suppose that in addition to the change of y into y+By
the limits x

i
and SD

O
are changed into x

t + dx
l
and x + dx

n

respectively. In consequence of this change of limits U re-

ceives the increment

f

Xl + Xl

Vdx- f^^ Vdx,
> Xl

J XQ

that is, neglecting squares and higher powers of dx^ and dx
n ,

U receives the increment

If we 'annex this to the expression already given for 8 U, we
shall obtain the complete change in U consequent upon the

variation of
?/, and the change of the limits.

359. If no condition is imposed upon the limiting values
of the co-ordinates, the additional terms just obtained,

can only be made to vanish necessarily by supposing V^
=

and F
n
= 0. We thus introduce two new equations in ad-

dition to those which are obtained from H^JI^Q; and at

the same time we have two new quantities to determine,

namely, x
a
and x^. However, a more common case is that in

which the limiting values have to satisfy given equations.
Such a case we have already indicated in Art. 357, where a.

222
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curve is required, the extreme points of which are to lie on

given curves.

We will consider that limit of the integration for which

the quantities are distinguished by the subscript 1. Let

then if there had been no change of the limit, the extreme

values of the variables would have been
a^

and y^ before

variation, and as
l
and Y^ after variation. If however x

t
is

changed into aj
x -j- <&BI} we have Y

1 changed into

dY, 1 d*Y, , 2 1

that is, neglecting squares and higher powers of dx
t
we have

Y changed into Y. + f-j-} dx that is, neglecting the product
1 3 l

Sp^dx., into fA + fyi+-r-) dx^. Supposing then that the
L : -1

\<ax/ j

given relation which is to be satisfied by the extreme

values is

we must have

and also

to the first order. Thus

This gives a relation between Syx
and dx^ so that we can

eliminate one of them from the complete value of S U,

Similarly, the relation can be found between Sy and dos .

In geometrical problems [-ir\
is the tangent of the incli-

\CLXj i

nation to the axis of x of the straight line which touches the

required curve at the limiting point ;
and ^' (#1) is the tan-
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gent of tlie inclination, to the axis of x of the straight line

which touches the given curve at that point.

A particular case may be noticed which is sometimes use-
ful. Suppose the complete change of yi

is to be zero
j

this

gives Byj_ + (
-j-]

dx
t ; similarly if the complete change

of y is to be zero, 8y + dx
Q
= 0.

360. We may illustrate the preceding Article by a figure.
Let AS represent the required curve, and MBN the given

curve on which the extremity B of the required curve is to

lie. Let AB' represent the curve derived from AB by
ascribing the variation Sy to each ordinate y. Draw BO and
JB'O'JD parallel to the axis of y, and BD parallel to the axis

of x. 1 hen ultimately

Hence JB' 0' = {-^'(x )
- (^] I dx,. Thus the geometrical in-

(

r ^ lJ
\dxJJ

terpretation of our process is that if we reject quantities of a

higher order than those we retain, we have B'G' =BG ulti-

mately.
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361. Let us now consider the case of the brachistoclirone

problem which has been enunciated in Art. 357.

Let the notation be as in Art. 353. Then

x \ ""/

dP
As before from the equation N -r-= we deduce

thus SU= Y&- ^o^o + ^~y{(p%- (P By\}.

Let us suppose that the equation to the fixed curve from
which the particle is to start is Y% (X), and that the equa-
tion to the fixed curve at which the particle is to arrive is

Y=ty (X). Then by the preceding Article we have

Thus the value of SZJcan be put in the form

T= \
l
dx

l
A <&c

;

where \ = 7, +

and similarly

Since &
z
and dx are arbitrary, SZ7 will not necessarily

Tanish. unless \ = and X = 0. Thus

'a = and l+
/ ^=0
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and tliis shews that the cycloid must cut each of the two
fixed curves at right angles.

362. "We have hitherto tacitly assumed that the function

V does not involve the limiting values of the variables or of

the differential coefficients. Suppose now however that V
does involve oc

,
x

lt yot yt , poi i\, ....

(1) Suppose that x and x
l
are not susceptible of any

change. When y is changed into y + By, besides the varia-

tion we have already investigated, V will receive an addi-

tional variation arising from the change in yp
, #15

... which

occur explicitly in V. These additional terms in 8 Fare

and consequently the following additional terms occur in

SU,

Now SyQ , &/J, Sp , Bp l}
... are not functions of the variable

x, but only of the limiting values of x; we may therefore

bring these quantities outside the integral sign and write the

additional terms thus,

Now the occurrence of these additional terms will not

affect the reasoning by which it is shewn in Art. 344 that we

must have JT=0 in order that U may be a maximum or

minimum. These additional terms must be annexed to the

expression H^E^ and the whole then made to vanish.

Since the relation between x and y is supposed to be found

from the equation If= 0, the expressions under the integral

signs in these additional terms become definite functions of x,

so that the integrations which are indicated can be effected,

at least theoretically.
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(2) Suppose that # and x^ are also changed, and let

them become x + dx and
ojj + dx^ respectively. Then V

receives the additional increment

VdT\-=-

[dxQ\

where T and -r- indicate complete differential coeffici-

\_dx,\ \_dxj f
ents

;
that is to say, we are to remember that x occurs impli-

citly in y , p , ..., and similarly for x^

Thus besides the additional terms we have already given
8U receives the increment

i-,
'

J

and this expression must be annexed to the aggregate formed
of -ET H

Q
and the additional terms already given.

363. For an example we will take another modification

of the brachistochrone problem. Suppose two given curves

in the same vertical plane, and let it be required to find the

curve of quickest descent from one of these to the other, the

motion commencing at the first curve.

Let the axis of y be measured vertically downwards
;

let y be the ordinate of the starting point, then when the

ordinate is y the velocity is */{2g (y y )}.

Thus we may take

U

We have then to change y into y y in the solution of

Art. 361, and to add to the expression there given for BU
the terms found in Article 362.

Here F= h _^ so that y is the only limiting value
r \i7 i/O/
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which occurs in F. We are therefore to add to the former

value of 8U

, fdVl dVfdyand U- =-_-

Hence by Art. 361, after putting -5T=0, we have

\ dx
:
- \ dx

Q + Sy + - dx

where \ and X have the values assigned in Art. 361.

Now in the present case

= _
dy

~
dy

therefore

and Sy + &J =
%' K) &?

,
as in Art. 361.

Thus S J7= \ &s,
-\ &j +

V(2a)
l

' ri/L v> ' J

Then by equating to zero the coefficients of dx
1
and <&e

we have

" ~J~JV/'"' (^i)
== an<^ " "^JPi% (^o)

=
0>

so that %' (a3 )
= ^' (^j)

Thus the cycloid cuts the lower fixed curve at right

angles, and the tangent to the upper fixed curve at the

initial point is parallel to the tangent to the lower fixed curve

at the final point.



346 CALCULUS OP VARIATIONS.

Integrals with, two dependent variables.

364 We have hitherto supposed that V is a function
with only one dependent variable

; let us now suppose that V
is a function, of two dependent variables.

Let V be a function of x, y, e, and the differential co-
efficients of y and z with respect to x

; let

U= r Vdx,
Jx

and let
^investigate the variation in the value of U when ?/

and z receive variations.
'

By proceeding as in Art. 342 we shall obtain the follow-

ing result,

where the symbols have the following meanings ;

Sy, as before, denotes an
arbitrary variation given to y) that is

By is an indefinitely small arbitrary function of so ;

'

IL
} as before, denotes

_ , __
dy dx dydx* 7y

n ~"">

, dV dV dV
~djj* ~dj/> jy

7 '
8 -16 Partlal differential

coefficients,

, _d_dV d^_
dV

dx dy
'

da? If > *" are complete differential coefficients

relative to x ;

Sz is an arbitrary variation siren to z tlnf ^ ;

definitely small
arbitrary iunSof 4'

' 1B~

X is
relatively to the same as 7f

relatively to y, that is,
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365. "We now proceed to find a maximum or minimum
value of 27011 the suppositions of the preceding Article.

(1) If y and z are independent, in order that 8 7 may
certainly vanish we must have

K=Q and L-Q;
and also E^ - Jf + J^

- J = 0.

The values of y and z in terms of x must be found by
solving the differential equations KQ, i- = 0; and the

arbitrary constants which occur in these solutions must be

determined by equating to zero the coefficients of the arbitrary

quantities Sy , Sj^ , (& -r-} 3
8

,
Bz

lt (
8 ~

)
,

. . . which occur
\ Q/KJ Q \ UXj

fl

n -

(2) Suppose however that y and z are not independent,
but that they are connected by the relation <

(a?, y, z)=0,
which is always to hold. Since this relation is supposed to

hold always, we have also

and therefore ultimately

$ ASz = 0.

ay
J dz

rxi

Thus the integral I (KSy +L Sz) dx becomes

*

and in order that this may vanish we have the single con-

dition

. = ..
d

'

cty'

dy dz
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and from this differential equation combined with <

(x, y, z}
-

0,

we must find y and z.

As before, we must also have

366. For an example we take the following problem ; to

determine a line of minimum length on a given curved surface
between two given points.

Here we have

thus -
-^> -~

das V(l+y' +
a

) dx

let <

(a;, y, 2)
= be the equation to the surface on which the

line lies. Then by the preceding Article we have, as the con-
dition for a minimum,

Let 5 represent the length of the arc of the curve
; then_t._ =<& and

^ dz
'a '2 ' and

Thus the above equation may be written

From this we may conjecture by symmetry that each ofthese fractions is equal to
3

dx
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and this we can demonstrate ; for from (1) eacli of the frac-

tions by a known theorem of algebra is equal to

dy dz

y dz dz
z

ds ds* ds dsz

dy d$ dz
d<$>

'

ds dy ds dz

and since the equation $ (x, y, z)
= holds for every point of

the curve, we have

dcf>
dx d<> dy d<p dz _

dx ds dy ds dz ds
'

also by a known theorem

dx d2x dy dz

y dz dz
z _

ds ds
2

ds ds* ds ds
z

-Hence a line of minimum length is determined by the

symmetrical equations

d2x dz

y dz
z

_

dx dy dz

It is proved in works on Geometry of Three Dimensions
that the equations (2) shew that the osculating plane at any
point of the curve contains the normal to the surface at that

point. Such a curve is called a geodesic curve.

367. -Let us suppose that instead of being drawn be-

tween two fixed points, as in the preceding Article, the curve

is to be drawn between a fixed point and a fixed curve. Let
x correspond to the fixed point, and X

T
to the fixed curve.

We have to consider, the terms denoted by Hl
+ J1

. As in

Art. 361, we find that these are

17V
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since the extremity of the required curve is to lie on
a given curve we may suppose that at this

extremity there
are two relations to be satisfied, which we may denote by

y^^MO, 2,
= % fa).

Then, as in Art. 359, we shall find that

Substitute in H^J^ and by reduction we obtain

and in order that this may vanish we must have

and this shews that the required curve must cut the fixed
curve at right angles.

Suppose that from a fixed point on a given surface geode-
sic curves of a given length are drawn in every direction,
then the other ends of these geodesic curves will form a
locus such that every one of the geodesic curves cuts it at

right angles. For the locus may be taken as the fixed curve
of the preceding investigation, and so by that investigation
any geodesic curve cuts the locus at right anglesO O *

Relative Maxima and Minima.

368. A class of problems still remains to be considered
called problems of relative maxima and -minima values Sup-
pose we require that a certain integral U shall have a maxi-mum or minimum value while another integral W. involving
the same variables, has a constant value; for example*we may require a curve which shall include a minimum area
under a given perimeter. Here we do not require that S7
shall always vanish, but only that it shall vanish for such re-
lations among the variables as give .a definite constant value
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to W; that is in fact, we require that $U shall vanish for

all such relations among the variables as make 8W vanish.

The problem is solved by finding a maximum or minimum
value of U+aW, where a denotes a constant; for in this

solution we ensure that 817+ aSW necessarily vanishes, and
therefore S 7 must vanish whenever SW does. The constant
a occurs in tlie solution, and its value must be determined by
making the integral W have the constant value which is

supposed given.

If we require that W shall be a maximum or minimum
while U remains constant, we shall in the same way proceed
to find the maximum or minimum of W+bU, where 6 is a

constant
; and if we suppose I = -, we obtain the expression

-(U+ aW). Thus the same solution will be obtained for this
ct

problem as for that in which U is to be a maximum or mini-
mum while W is constant.

We now proceed to some examples.

389. It is required to find a curve of given length joining
two fixed points, so that the area bounded by the curve, the
axis of x, and ordinates at the fixed points may be a maximum.

Here U= (% <&, ^- fV(l + P*)
J XQ J X

let V=y + a*J(l +p
y

), then we have to investigate a maxi-
rx\

mum or minimum value of I Vdx. Under the integral sign
J Xo

we have only y and p ; hence for a maximum or minimum,
by Art. 347, we must have

that is, y + a V(l +/) = - + 0, ,

that is, y + * = Q .
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2

Tims

+T, ftherefore ? a-(6\-y)-
'

therefore #+ 0,= VK- (^ -#)*}

This shews that the required curve is a circular arc.

Since the extreme points are supposed fixed, the part of

SF which depends on the limits vanishes.

The constants O
t)

<7
2 ,

a must he determined by making
the circular arc pass through the given fixed points and have

the given length between them.

370. Given the length of a curve, find its form so that

the depth of the centre of gravity may be a maximum.

Take the axis of x horizontal, and the axis of y vertically
downwards. Let 1 denote the length of the curve

;
then the

1 [ Xl

depth of the centre of gravity is T- y */(! + p
2

) dx, and the
^ J Xo

f*l

length is / -/(I -f^
2

)
dec.

J #0

Let F=iyV(l+/) + V(l+/) 3

. rxi
men we require a maximum or minimum value of I V

'

dx.
J XQ

Here by Art. 347 we must have

V=*Pp+Olt
that is,

therefore
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, , .. dx bO.
and therefore = rr- ~

Tj^nr, >

hence an = A log [y +B + */{(y -p.5)
2 - A 2

}] + <7
9 ,

where C
2
is a new constant, euid A = bC

l
and B=db.

This equation shews that the required curve is a catenary.
If the ends of the required curve are supposed fixed, the terms-

depending on the limits vanish, and the constants A, B, (7
2

must be determined by making the catenary pass through the.

fixed points and have a given length between them. Suppose
however that instead

'

of being fixed the ends are only con-

strained to lie on fixed curves. By proceeding as in Art. 36 1
we obtain the following limiting terms ;

Consider the terms with the suffix 1; we have

Now 'supposing y = ^(x} the equation to the fixed curve,

we have ^yl

= {^(x^ p^ dx^ so that the term reduces to

?/ + ab

To make this vanish we must have l+p^'fa) = 0, for

y l
+ ab cannot vanish, as then x

l
would be impossible. A

similar result holds at the other limit; and thus it appears
that the catenary must cut the fixed curves at right angles.

371. Given the surface of a solid of revolution, to find its

nature that the solid content may be a maximum.

Take the axis of x as the axis of revolution. Then the

cx\ . r*i

surface is 2?r I y \/(l +J?
2

) dx, and the volume is IT y^ dx.
J x J XD

Let Vy*+ay,J(l+p*) ;
then we have to find a maxi-

rxi

mum or minimum value of I Vdx. Here by Art. 347 we
J X

must have

V=Pp+C,
T.I.C. 23
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that is, /+ W V(l +/) =

2 ay = rr

therefore ^
V(l +/)

This is a differential equation to the curve which would by

revolution generate the required surface^ Supposing that the

ends of the generating
curve are required to pass through

fixed points,
the terms at the limits vanish.

If either of the fixed points is on the axis of revolution, the

Talue ?/
= is to satisfy the equation to the curve ;

thus (7=0.

Then the general equation reduces to

^ = 0, therefore y 4- ff

a
g
=

;

this "ives a circular arc as the generating curve.

372. Given the. mass of a solid of revolution of uniform

density, required its form so that its attraction upon a point in

its axis may be a maximum.

Let the axis of x be taken as that of revolution, and the

position
of the attracted point as the origin.

Let the solid be divided into indefinitely thin slices by

planes perpendicular
to the axis of x. If y represent the

radius of a slice, x its distance from the attracted point, K its

thickness and p its density, the attraction is (see Statics,

Chapter xin.)
f \

l -t I

ZTTOK 41 775 ^ r .

[ y(x ~T y'))

Therefore the whole attraction of the solid is

27rp | jl
-

-77
JxQ I Vi-

and the, mass of the solid is

7T/3
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,
s\*

Thus let y= 1 77-7;
- r + ay

2

;
then we have to investii

V("+#)
?i

F"cfe,
o

dP
The condition N-T- + ...... =0 reduces here to JV=0,

that is,

+

therefore 2a (a? + y*)
* + a; = 0,

If we suppose the limits x
l
and x

n susceptible of change
we have the limiting terms V

1 dx^ V dx
;
and to make these

vanish we must have F
x
= and V

Q
= 0; this leads to y1

= and

2/
=0. Thus the solid must be formed by the revolution

round the axis of x of the whole closed curve determined by
the equation 2a (a? + y

2

)- -}- x = 0; the value of a must be
found from the condition that the mass, and therefore the

volume, is given.

Double Integrals.

373. We shall now consider the problem of finding the

maximum or minimum value of a double integral ; and we be-

gin by finding the variation of a double integral.

Let z be a function of the independent variables x and y at

yVjjj

present unknown
;

let V be a given function of as, y, z, -r-

and
-f-\

let U I I Vdxdy; the integration is supposed
y/ >

a-'o
J

2/o

effected with respect to y first, and the limits y and ^ are

supposed given functions of x. It is required to determine

what function z must be of as and y in order that U may
have a maximum or minimum value.

Let (>z denote an indefinitely small arbitrary function of x
and y ;

let 8V denote the variation made in V when receives

the variation Sz, and let BU denote the variation in U; then

we have first to obtain an expression for 8 U.

232
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Let L denote the partial differential coefficient of V witli

respect to z, M the partial- differential coefficient of V with
d&

respect to -r- ,
and N the partial differential coefficient of V
dz

with respect to -
;
then we have

^T- T ., ^ r ,. T
<57= Lla +M ~r- +N -j- ,ax ay

where, as heretofore, we confine ourselves to the first power
of the indefinitely small quantities. Hence

, ,

dxdy.
xo 2/o N.

The value of 8Vmay be written thus
;

f T dM dN\ ~ d ,..,. . d
i-j-- -r Ss + -j- (M z] + -j-
\ dx, dy I dx^ dy

fore

[*(Kf T
dM dN\.

7 7ou= (L :
---^ 6s ax dii

J ajj, \ dx dy)
J

j
-- -r

dx, dy I

and therefore

yo

The differential coefficients with respect to x and y which
are here indicated are complete differential coefficients.

where (JV8*)i Denotes the value of M.? when ^ is put for y\and (^S) denotes the value of NSts when y is put for y.

And bj Art 216,
'

where (MSz) 1
denotes the value of MS* when

?/x
is put for y I

and (MBz) Q denotes the value ofMBz when yQ
is put for y. , }

I
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Therefore

=
(
r M&z dy\

-
(
[
Vl

MSz dy]v 2/0
' x=x\ \J y& ' x=x$

m, f srr r dN\ , . _

Inerefore SZ7= (L -,-- -j- }
Bz dx dy

dy]
y

If the limits yt
and y are constants, the terms in the last

line vanish,

We, have supposed that the limits of the integrations are
not susceptible of change ;

if they are it is easy to see that
we must add to the expression for 8U the terms

2/0

In geometrical applications the limits of the integrations
with respect to x and y will frequently be determined by the

perimeter of a closed curve
;
in this case yl

= y both when
Cyi.

x fs
Q
and when x = x^ ;

and therefore I M$z dx and

dx I Vdy vanish when x = x
a ,
and also when x = xr

-

.

1 1/0
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374. In the value of 8U found in the preceding Article,

there is one term which- is a double integral involving z

under the integral signs, and various single integrals de-

pending upon the limiting values of Bz. By the method

already iised in Art. 344, it will follow that BIT will not

certainly vanish unless the coefficient of Bs under the double

integral sign vanishes; thus for a maximum or minimum
value of U we have as a necessary condition

__ =
dx dy

This is a partial differential equation for finding z in

terms of x and y ;
and we may say that the arbitrary func-

tions which occur in its solution must be determined so

that the remaining terms in BIT may vanish. But the diffi-

culty of integrating the partial differential equation in general

prevents any practical examination of these terms at the

limits.

375. As an example, let it be required to determine a

surface of minimum area bounded by a given curve.

Here by Art. 170,

let us put as usual

dz _ dz
__

fa~P '

Ty~

The condition for a minimum reduces to

dM dN_
-I- "7
-- U,

djc dy

,1 L ,
d p d a

that is, to j-
-- ~ ~~

that is, to

r (1 +J>* +
s

)
-

(pr + qs)p + 1 (1 +/ + g
s

)
-

(ps + gt] ^
=

0,

that is, "to (1 + 2
s

)
r - %pqs -f (l +/} t = 0.
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It is shewn in works on Geometry of Three Dimensions
that this equation indicates that the required surface is such
that at every point

the two principal radii of curvature are

equal in magnitude and of contrary signs.

Since we suppose the "boundary of the required" surface
to be a fixed curve Ss vanishes all round this boundary; thus
the terms relative to the limits in $17 all vanish.

Discrimination of Maxima and Minima values,

376. We shall now give some examples which illustrate

the second part of the investigation of maxima and minima
values of integrals; see Art. 339.

Consider the example of finding the shortest line between
two given points. Here

Suppose y changed into y + By, and consequently p into

p + Sp ; put -p + 8p instead of p in V and expand ;
thus F

becomes

where the terms which are not expressed are of the third and

higher orders in Bp. Thus we obtain

The first of these terms is what we formerly denoted by
&U, and the investigation of the minimum value of U so far

as it has hitherto been carried, consists in making this term

vanish. Supposing then that this term vanishes, and neg-

lecting terms of the third and higher orders, we have
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. If x
1

x
a

is positive, every element of this 'integral is

positive ;
thus 8U is positive, and therefore a minimum value

of ZJlias been obtained,

377. Again, take the case of the Tbrachistoehrone, when
the extreme points are fixed. Here

_ rr-Y--T~
-

}
U -

/
Unit,

Change y into, y 4- &/, and
_p

into p -+ ;
and expand

the new value of V, Thus F becomes

and from this we can obtain 8 U.

Now by the process of Art. 353 the terms of the first

order in
V

SU are made to vanish; then, neglecting terms of

the third and higher orders, we have

By*

We have now to investigate the sign of this expression
when the relation between x and y is that which is determined
in Art. 353

;
and we shall shew by some transformations

that 8V is positive.

Since y* (I + p?}* = (2a)-,

we have 8U= t

' r^ wi _/'^^ + .

>;/ %p , ?/$)'}
'y 2a j
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301

TNow -

y 2y 2]
v Jl

dx\y
and as the extreme points are supposed fixed % vanishes at

the limits
;
therefore

M d fP\ I dp p* a p
z 3a ~Now

(

1-}=~p-~-Zr =i-~-~^ =--_
dx\yj y

1
dy y y' y> /

mi c PMjSySw , 1 f^i .

Therefore L +--dx~- (By
i / 9 /

^ " '

j #0 y * J *o

and tf
1

Thus &U is positive, and therefore a minimum value of U
has been obtained.

378. The preceding Article shews that it may be possible
to, change the expression of the second order to which BIT is

reduced by our previous investigations, from a form in which
the sign is uncertain to a form in which the sign is obvious.

A general theory with respect to suitable transformations of

such terms of the second order has been given by Jacobi
;

for this we refer to the works named at the end of the present

Chapter.

It may be observed that many of the problems discussed

in the Calculus of Variations are of a kind in which we may
infer with more or less certainty, from the nature of the par-
ticular problem, that there can be a minimum and no maxi-

mum, or a maximum and no minimum.

379, In the problem discussed in Art. 375 it is easy to

shew that the result really gives a minimum. Here

F=
' i JL t

1 XQ J 2/o
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Suppose K changed into z + &2, in consequence of which p
becomes p + Bp and q becomes q + By.

Thus V becomes

pqBpSq

2 (1 -f/ + 2";* (1 4-/ + ff*)
2 (1 +/ + 2)

Then supposing the terms of the first order made to

vanish, and neglecting terms of the third and higher orders,

we have

dx d-j

,

UjJU Lv UJ

Thus the term under the integral signs is necessarilj

positive; so that a minimum value of 7 has been obtained.

Condition of Intcgrdbilily,

S80. In Art. 344 we have found that K= is a neces-

sary condition for the existence of a maximum or minimum
value of the integral there considered. It may however

happen that in certain cases the relation JC=0 is satisfied

identically / this case we proceed to exemplify and interpret.

Suppose we are seeking a maximum or minimum value of

PI hi on/'* cn/"\ ,
J \'l, ,

/
_i_

'

r/77'
'

-i i _
-j

,i u,jj m

J* \y y y)
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,'2
*?/ o"7/ /Y"tJ

Here V= + '-=
,

y y -y

dy y* ?/

3

7TT - n /
/y i/ L v i"9/

'

Ptt<
r X aJUU

~~~
^J '

^~* ~*"
^ '

dP =
14 2

.... __^L, .---, *-^,-u ^1..
*/

On collecting the terms it will be found that

J-\ -. 1 T~~Jax ax

vanishes. Thus the relation Jf=0 is an identity in this

example, and we cannot 'obtain from it any value ofy.

In this example we shall find that

y
'

that is, the integral I Vdx can be obtained without assigning

the value of ?/ in terms of x. Thus if we wish to find af*!''..
maximum or minimum value of I Vdx, we must investigate

/T*?/ \ f^Cll \

a maximum or minimum value of4
j

-
f ) . We are

therefore not concerned .with the maximum or minimum of

an undetermined integral expression of the kind hitherto con-
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sidered, but with the maximum or minimum of an expression
free from the integral sign.

*

This species of maximum and minimum problem is con-

sidered in some of the exhaustive treatises on the Calculus

of Variations
;
as it does not present much interest we will

refer the student to such works.

381. We shall now prove universally that the necessary
and sufficient condition in order that V may be integrable
without assigning the specific value of y in terms of x, is that

-ST=0 should be identically true. An expression which is

integrable without assigning the specific value of the depend-
ent variable in terms of the independent variable is sometimes
said to be integrable per se, and is sometimes said to be im-

mediately integrable.

382. We first prove that the condition is necessary.
Suppose that V involves a;, y and the differential coefficients

dn
y

of y with respect to x up to ~< inclusive.

If the function V is immediately integrable the integral

I

Vdx can be expressed in the form

t(hf\

dy

where the form of the function denoted by <j>
remains un-

changed whatever may be the value of y in terms of x. Now
suppose that y receives such a variation as leaves the values
of y and its differential coefficients at the limits unaltered

;

then from the value of I Vdx it follows that



CALCULUS OF VARIATIONS; "365

thus by Art 343

'% (dV d dV d2 dV
AO/ J - ^JT- ^r-^ J_ .-, ,.^. _.-_..._1M1 ^TT,

xo (dy dxdy' dx* dy'

But this cannot be true whatever Sy may be, unless

dy dxdy' dx* dy"
'"

'

and unless this is identically true it determines y as a function

of x. Thus if F is immediately integrable the relation K
must be identically true.

Next we shall shew conversely that if this condition

holds V is immediately integrable. It is usually considered

sufficient to say, that if this condition holds the variation of

L
Vdx depends solely on the limiting values of x, y, and...

rx\

the differential coefficients of y\ and therefore Vdx must

itself depend solely on these limiting values, that is, V must
be immediately integrable. We shall however reproduce a

more satisfactory demonstration which has been given of the

proposition.

Suppose F~(aj,y, y', /,.)

Let u and v denote two functions of x at present undeter-

mined
;

let a denote a quantity which we shall vary indepen-

dently of a?. Let i^ (a) denote what V becomes when we

put u+av instead of?/, and u'+a.v' instead of y', and u",+ av"

instead of y", and so on
j
thus

ty(a)<f> (x, u -{ a.v, u' + /, u" + av", . .
.).

Differentiate both sides with respect to a, so tlxat we have

a result which we may denote thus, i

.
, /

. d<b d<j> , d<f> t ,& (a)
=

-/- v + -~~v + -T-T, v + . , . .T w du du du
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Integrate "both sides, from a = to a = 1
;
thus

that is, we have the following identically true,

<j> (x, u.+ v, u + v
}
u" + v", . .

.)

<> (x, u, u', u", ...)

f
1
(dA d6 . d6 } 7+ l-^v+^v' +^v +...[da,

J [du du du }

Integrate both sides with respect to x
;
thus

I

(j> (x, u + v, u + v, u" + v", . .
.)
dx

= I
cf> (x-} 'u, u, u", ...}dx

f
1

, [[(<%> d<l> ,,d<j) tfl } , I
+ "a n^ u +^ u +Vr,v +...^x ,

J [_J (au du du
) J

'

where in the last term the order of the independent integra-
tions has "been changed.

By integration by parts

d d6

and so on.
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Tims

/
t

$(x, u + v, u' + v, u"+v",...)dx

=
l(j> (a?,

u
} u, u", ...) dx

J

1
/d<f> d deb d* dd>

>
~~ T jT> + 7T* T^TI

-
'

, dx du dx du

f
1

, /dd> d deb \ _
I /

f . r___ ' j_ /-7'y
/

y
I 7 // 7 7 /// r I (*-*

J V^ dx du, j

7 , i

,t*r d dd> d2
dd)

sin 1 11 J J -I ,

'

WriA Ir^i; 7 7 r T^ ^ 5 T T7

I J \du dx, du ' dx du,

ISTow by supposition the relation K= is satisfied identi-

cally whatever may be the value of y ;
so it is satisfied if

u + av be put for y. Hence

^_A^ JL^.
du dx da dx* du"

The functions u and v are at present in our power; putyu for v and we have

== l<
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Thus [
Vdx is here actually exhibited as an expression

consisting of terms, one involving only ordinary integration

with respect
to os, and the others ordinary integration with

respect to a. The function u is still in our power ;
it should

be chosen so that none of the quantities which occur become

infinite or indeterminate; it may happen that consistently
with this limitation we may put u = 0.

383. It mil now he easy to give the necessary and suf-

ficient conditions for ensuring that a function shall be inte-

o-rable per se more than once.

Let Fhave the same meaning as before.

We have, whatever Vmay be,

f
j

f
J ^ J

Vdxl dx = x [Vdx - 'L Vdx.
J J J

In order then that V may be integrable per se twice, the

condition must of course be satisfied which ensures that it is

iiitegraole per se once
;
and then the only additional condition

is that a)Fmust also be integrable per se once. Thus in order

that V may be integrable per^ se twice, the necessary and
sufficient conditions are that the following relations must be

identically true,

dy dx dy' dx* dy"

dVsc d dVx d2
dVcc

dy dsc dy' da? dy"

We may modify the form of (2). For

dVx= dV dVx = dV dVx^ dV_
dy dy

'

dy dy
'

dy" dy"

j^dVx^ d_dV^ dV
dx dy

1
~

dx dy dy
'

d?_
dVx, _ dz dV d dV

dx all . dx2 dn" d.n d-n"
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dx5

dy" dy
n>

.

*

dy"
'

Substitute in (2) and omit the terms which are zero by (1);
then we obtain

, , a
1 j I v , ., ,-777 ... = (3).

ay dx dy dx dy

Thus (1) and (2) may be replaced by (1)' and (3).

By a formula given in Art. 55 the ntu

integral of any pro-

posed expression is exhibited in terms of n -f 1 single integrals.
From this formula we infer that in order that V may be

integrable per se n times, it is necessary and sufficient that

each of the following expressions should be integrable per se

once,
V xV i-

2F TnVY
5

A> Y , U/K,. i/ K.

For example, in order that V may be integrable per se

three times, besides the conditions (1) and (2) or"(l) arid (3),

the following must he identically true,

(M \ tAj Cb Cu \ tJU w Cli I dL>

dy dx dy dx* dy"

We may modify the form of (4). For

z__
-j- 2'

dy"

d dV
, 7

dx dy

Substitute in (4) and omit the terms which are zero by (1)

and (3) ;
then we obtain

-..,=0 (6).

dy" 1.2 dx dy'"
+

1 . 2 dx*

Thus (5) may be taken instead of (4), in conjunction with

(1) and (2) or (1) and (3).

24.T. I. C.
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Addition on the Variability of Limits.

384. In the method we have adopted of treating problems
involving changes of the limits we have followed the example
given 'in two most elaborate works on the subject, those of

Strauch and Jellett; and we decidedly recommend this

method as the best. We do not ascribe any variation to the

independent variable, but only to the dependent variable.

Another method however has been frequently adopted, and it

should be explained in- order that the student may understand

any reference to it which may occur in his reading.

In this method a variation is ascribed both to the de-

pendent and independent variables.

Let x become x + Sa/ and let y become y 4- Sy, Bx and Sz/

being indefinitely small arbitrary functions of x
;
it is required

to find the variations of -/ , -7^ , ....
dx dor

"We denote the variation in -,- by S -~
;
thus

da J
dao

+ <

_

dx d(x + o*x) dx

ty+^l
dx dx di/

dx

_ dy dfy/ dy cJ^x dy
dx dx dx dx dx '

neglecting small quantities of the second order.

Thus adopting the usual notation for a differential co-

efficient^ we have

, __ dfy , d$x

nv x ' "?or by it ox= ,J J dx
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In this result change y into y'\ thus

dx

__ d
2

(8y ?/'~

Similarly- 8/'
-
y""Bx =

so on.

Pat co for y y'bx ;
thus

Now let F be any function of cc, ?/,
and the differential

/*#,

coefficients of y with respect to ce
;
and let 7= I Vdx.

J XQ
Let it be required to express the variation of U which arises

from the variations 8x and Sy in x and y respectively. Let

SF denote the change made in F; then

, j
F-j 003+

neglecting a term of the second order.

Now V-i-dx = VBx -\\-j-
J dx J \_dx_

. f r> T7 fe 7 ,. nrK , ppF]
therefore I V-j-dx=(VSx} 1 -(VSx) -j^ -^
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where \*-r-\ denotes the complete differential coefficient of
L<foj

V with respect
to x.

Thus S*7= (V*x\- (VZx\ + -sF- s <&.
j

thus

--- -

ty dy dy

and finally

We need not proceed further as we have arrived at a result

equivalent to that in Art. 358
;
we have here w instead of the

% which occurs there, and S^ and Sx
Q

for dx
l
and dx

6

respectively.

In geometrical applications it will he observed that a; and

y "become hy variation x + Sx and y + <$?/ respectively. Thus
'x^ + SXi will correspond to the x^ dx^ of Art. 359, and

T/J+ S^ will correspond to the
(
Y+ -

7
~- dx\ of Art. 359.

\ doc j\

385. For further information on the Calculus of Varia-
tions the student may consult Professor Jellett's treatise, and
the History of the Progress of the Calculus of Variations during
the Nineteenth Century , hy the present writer.

The most interesting examples in this subject are those
which are connected with physical science, as the problem
of the brachistochrone

; accordingly we shall include some
more applications of this kind in the following selection for

exercise.
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EXAMPLES.

1. A curve of given length lias its extremities on two

given intersecting straight lines; determine its form
when the area included between the curve and its

chord is a maximum.

2. Determine a plane closed curve of given perimeter which.
shall include a maximum area.

(See History..., page 68.)

3. Required to connect two fixed points by a curve of

given length so that the area "bounded by the curve,
the orclinates of the fixed points, and the axis of

abscisses shall be a maximum, supposing the given
length greater than is consistent with the solution in

Art. 369.

(See History..., page 427.)

4. A rectangular dish is to be fitted with a tin cover of

given height having the ends vertical
;
determine the

form so that the amount of material used may be the

least possible.

5. A mountain is in the shape of a portion of a. sphere,
and the velocity of a man walking upon it varies

as the height above the horizontal great circle of the

complete sphere ;
shew that if he wishes to pass from

one point to another in the shortest possible time, he

must walk in the vertical plane which contains the two

points.

6. When a curved surface can be divided by a plane into

two symmetrical portions the intersection of the plane
and surface; when an intersection exists, is in general
a line of minimum length on the surface.

(See History..., page 365.)

7. Find the minimum value of

sin sc

(See Philosophical Magazine for December, 1861.)
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8. Required the minimum value of I (
c
-$\ $x un^er the

J
Q \UX/

f
a

it

following conditions ; # =
1, ^-dx = -~l.

J o 2/i

(See History..., page 432.)

r

9. Required the variation of I Vdx, where V is a function

of ^ y> Tx ' d^ '
" ' aEd ^' wliere ^

=/^'^ and ^ is

.,.,, Jy ^2
y

also a function of #, y, /- ,

~
,

...

(See History..., page 21.)

/

10. Let s dencrte I V(l +^
2

) dx* an<^ ^et
^> (

s
) he any function

of s; then the relation hetween x and y is required
r

which makes I
<j) (s} dx a maximum or a minimum

f o

while I V(l+j?
2

)
^ has a given value, a being a con-

'

,

stant. For a particular case suppose <
(s)
= s,

(See History,..^ page 453.)

11. Required the curve at every point of which

is a maximum or a minimum.
*

(See History..., page 1.)

12. Eequired the- curve at every point of which y -J-
is a

1 CLi&

maximum or a minimum, the variations of y and -^17
c/a;

being so taken that at any point yx~y
z

^- shall

undergo no change by variation.

. (See History..., page 414.)
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13. Apply Art. 365 to prove the point assumed in Art. 353,

namely, that the required curve in the brachistochrone

problem lies in the vertical plane which contains the
two given points.

14. The form of a homogeneous solid of revolution of

given superficial area, and described upon an axis of

, given length, is such that its moment of inertia about
the axis is a maximum-; prove that the normal at any
point of the generating curve is three times as long as

the radius of curvature.

15. A given volume of a given substance is to be formed
into a solid of revolution, such that the time of a

small oscillation about a horizontal axis perpendi-
cular to the axis of figure may be a minimum; de-

termine the form of the solid.

(See History,.,, page 391.)

1G. A vessel of given capacity in the form of a surface of

revolution with two circular ends, is just filled with
inelastic fluid which revolves about the axis of the

vessel, and is supposed to be free from the action of

gravity. Investigate the form of the vessel that the

whole pressure which the fluid exerts upon it may be

the least possible, the magnitudes of the circular ends

being given.

Result. The generating curve is a catenary.

17. Find the equation -given by the Calculus of Variations

for the transverse section of a straight and uniform

canal, when one of the three quantities, the
vsurface, the

capacity, and the normal hydrostatic pressure, is either

a maximum or a minimum, and the other two are

given, the terminal surfaces and pressures not being
taken into account.

Shew also that when the surface is a minimum and the

capacity only is given, the section is circular; and

when the normal pressure* is a minimum the section

is a catenary or two straight lines, according as the

surface or the capacity is given.
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18. If ^ere are two curves with their concavities down-
wards and terminated in the same extremities, a par-
ticle moving under

_

the action of gravity will take a

longer time to describe the upper curve than the lower

curve, the initial velocity "being supposed the same in

the two cases.

(See History..., page 348.)

19. Assuming that a ship's rate of sailing is a function of

the angle which the direction of its course makes
with the direction of the wind, shew that the bra-

chistochronous course between two given positions is

rectilinear, and that unless it be in the straight line

joining the positions it is in two directions always
making the same angle with the direction of the

wind,

(See Philosophical Magazine, for September, 1862.)

20. Determine the greatest solid of revolution, the surface

of which is given, and which cuts the axis of revolu-

tion at two fixed points ; supposing the given surface

not to be equal to that of a sphere which has for

its diameter the straight line joining the two fixed

points.

(See Philosophical Magazine for June and for September,
i QP r \
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